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Abstract—We study a feedforward supply network that involves
assembly operations. We compute optimal stock levels which minimize
inventory costsand maintain stockout probabilities below given desirable
levels (sewice-level constraints). To that end, we develop large deviations
approximations for inventory costs and sewice level constraints and
formulate the stock level selectionproblem as a nonlinear programming
problem which can be solved using standard techniques.This resultsin
signi cant computational savings when compared to exhaustve search
using simulation. Our distributional assumptionsare general enoughto
include temporal dependenciesn the demand and production processes.
We leverage the solution of the inventory control problem in the design
of supply contracts under explicit sewice-level constraints.

Index Terms— Supply chain management Assemblysystems)nventory
control, Sewice levels, Supply Contracts, Lar ge Deviations.

|. INTRODUCTION

We study supply networks that involve assemblyoperations.For
brevity, we will refer to thesesystemsas assemblynetworks Our
primary objective is to develop efcient supplier inventory control
policiesthat provide explicit buyer satisfactionguarantees

We adopt a modied edelon base-stok policy and seek to
optimize echelonstocklevelsin orderto minimize supplierexpected
inventory costs while providing to the buyer Quality of Service
(QoS)guaranteesQoSis capturedby introducinga constraintin the
inventory costminimization problemrequiring stoclout probabilities
to be belov a given desirablelevel. We refer to suchconstraintsas
QoS or service-leel constraints.Our analysisallows demandand
productionto be modeledby autocorelated stochasticprocesses;
thus, capturingstrongtempoel dependenciethat are often obsered
in theseprocessesWe rely on large deviations tecdhniqueswhich
yield asymptoticallytight approximation®f the stoclout probabilities
asthey approachzero. Large deviations for suchgeneralstochastic
processeave already beenemplo/ed by Paschalidisand Liu [1]
andBertsimasandPaschalidid2] in relatedinventorycontrolsettings
(refer to thesepapersfor an extensve literaturereview).

The outcomeof our approachis a deterministic(nonlinear)op-
timization problem whose objective function (inventory cost) and
constraints(service-l@el constraints)are given by closed-forman-
alytical expressionsobtainedby large deviations asymptoticsand
limited simulation.Solving this problemusing standardptimization
techniguesyields the echelonstock levels we seek.In short, our
approachreducesa complex stochasticoptimizationprobleminto a
deterministicoptimizationproblemwhich canbe solved by standard
techniquesBuilding on the solutionof the supplierinventory control
problem, we approachthe problem of designing optimal supply
contracts where QoS guaranteesire part of the contractagreements
(see Corbettand Tang [3]). From the analytical expressionof the
supplier inventory problem we are able to estimatethe derivative
of the inventory costwith respectto demandmodel parametersand
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Fig. 1. A supplychainwith assemblyoperations.

useit to evaluatecontractincentvesin orderto achiere a demand
con guration that canleadto lower overall supply chain costs.
Among the main contritutions of our work we consider: (i)
extendingthe resultsof PaschalidisandLiu [1] to assemblynetworks
where correlationamong stagesmales the stoclout analysismore
comple (seealso Songet al. [4]); (ii) enablingthe optimizationof
supplycontractparameterso bene t boththe supplierandthe buyer.
The remainderof this paperis organizedasfollows: in Sectionll,
we provide the detailedmodelwe considerIn Sectionlll, we present
our main large deviations result and formulatethe inventory control
problemasa deterministicoptimizationproblem.The supplycontract
modelis describedn Sec.IV andconclusionsarein Sec.V.

Il. THE MODEL OF THE ASSEMBLY NETWORK

The suppliers productionprocessonsistsof anassemblynetwork
that producesa single product and is formed by N production
facilities or stages(Fig. 1). Buyer demandis met from the nished
goodsinventory maintainedn front of stagel andis baclorderedif
inventoryis not available.Eachstagehasexactly onesuccessostage
so that the assemblysystemforms a tree rooted at stagel. Except
from the most upstreamstages(the leaves of the tree) which are
fed with anin nite supply of raw material,every stagerequiresone
unit of intermediateproduct(i.e., a componentfrom eachimmediate
predecessostagein orderto assembleone productunit.

We will use the following notation. i) denotesthe unique

denotesthe setof all successorg§immediateand more dowvnstream)
of stagei, where A(1) = f0g. P(i) denotesthe set of immediate
predecessorsf stagei, whereP(i) = ? for all stages thatareleaves
of the tree. B(i) denotesthe setof all predecessor@émmediateand
moreupstreamf stagei, whereagain B(i) = ? for all leaf stagesd.
F denoteghe setof all leaf stagesandwe assumehatit containsat

We assumea periodic review policy wheretime is divided into
timesslots of equalduration.B}, denoteshe amountthat the facility
of stagei canproduceduringtime slot n. D} denotesthe amountof
externalordersarriving at stagel during time slot n. Eachstagehas
aninventorybuffer for its nal productandfrom which the successor
stagedravs materialfor its production We let Iri1 denotetheinventory
in front of stagei at the baginning of time slot n. In intermediate

Inventory at stagel cantake negative valuesto denotebaclordered
demand.We denoteby Xf'1 the sum of the inventory of stagei and
of all its successorattime n, i.e., X} = 11+ &y IK. We will refer
to this quantity asthe staget echeloninventory We assumethat all
stagesadopta modi ed echelonbase-stoclkpolicy: stagei produces
whenX| falls belov a certainthresholdw andidles otherwise It is
implied thatw!  wK for all i 2 N andk2 P(i).

The demandprocessf Dig andthe productioncapacityprocesses
fBing are mutually independent possibly autocorrelated arbitrary
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Fig. 2. A two-level graphfor the systemof Fig. 1.

stationarystochastigprocessesatisfyingcertainmild technicalcon-
ditions (a large deviationsprinciple), thathold for reneval processes,
Markov-modulatedprocessesand, in general,stationaryprocesses
with mild mixing conditions.For stability purposesve assumethat
E[D}] < rrlnn E[B!: Q)
Lol
We seek safety stocksw for eachstagein order to minimize
supplier expectedinventory costsand guaranteethat for all stages
i the steady-statsstoclout probabilitiesP[X}, 0], at somearbitrary
time slot n, do not exceeddesirablesmall valuesg, respectiely.

We de ne the shortfll of the echeloninventoryas:Yi = w X,
for all i 2 N . The dynamicsof the systemcan be written as:
Y., = madoY.+D} Bl
maxfY<+ D} (W w)gg i2N nF; (2
k2P(i)
Y., = maxoY +D: Blg; i2F: (3)

Next, we establisha large deviations result for the steadystate
probability P[Y? ~ wl], which is equalto the steady-statestoclout
probability P[X*  0]. Theline of developmentiollows [1], it is how-
ever moreinvolved dueto the assemblyoperationsOn a notational
remark,L x( ) andL () denotethe limiting log-momentgenerating
function and the large deviations rate function, respectrely, of the
processX. L *(a) (resp.L (a)) denoteghe functionwhich equals
L (a) for a above (resp.,below) the meanof X andzerootherwise.

LARGE DEVIATION ANALYSIS

A. Samplepath characterizationof stodout events

In whatfollows we will be droppingthe subscriptn whenreferring

to steady-statguantitiesandwe will be using
n o

O'= (i Xaq) i X 2 [0:1];x) 2 [0; 1A X + xg(i)e= 1

for all i 2 N ,wherejA(i)j denotesthe cardinality of the setA(i), e
is the vector of all ones,and prime denotegranspose.

Supposethat at time 0, the nished goods inventory and the
componenténventoryareall equalto the safetystocklevel, i.e.,Yc‘) =
Oforalli2 N . After somealgebraonecanshcwthattheshortiall for
eachstagei attime 2 satis esY} = max 0;D1 r,.;;D5+ D rb.,0:
Fig. 2 depictsa two-level graph for the systemof Fig. 1. Points
1;:::;7 at the bottom of the graph correspondto stagesof the
assemblysystem The quantltlesr2 m canbeinterpretedasthe length
of the shortestpath from pointi at level 0 to level m. Generalizing,
the shortill of stagel at time slot n is given b%{

Y!=max 0 max em

m
a b}
=1

wherer},, is the length of the shortestpathfrom point 1 at level 0
to level min a correspondingn level graphconstructedas Fig. 2.

Let us denote by fDlg the time reversed stochastic process
obtalnedfrom the demandprocess Dig. In particularfor ary k2 Z,
(D};B3;:::D}) hasthe samedistribution as (Dg; D ;;:::D3). Sim-
ilarly, let f B'ng, i = 1;2;:::;N, denotethe time reversedproduction
processesThen, it can be sh(wn that Yn1 hasthe samedistribution
asthe right handside of the following equation:

( -
Y2 max 0 max @& D}
1 mn i=1
m1 I\
min aBl+ & lhwh wh
&l (m+&napg) In)=m i=1 h2P(1)
0 m m;ly2f 0;1g
Ih=0) my=0; mg;lx=08k2B(h)
8i ly=1; h2P(i)) lx=08k2P(i)nfhg | #)
kot my ktmy
+ & B+ & ' wW+ + § BN )
i= kot 1 h2P(2) i=kyt1
Where D» denotes equality in distribution, and k; = jA(i)j +

&j2Ag) mJ (with ki, 0). The last constraintin the minimization
above hasthe following interpretation:for ary stagei and for ary
stageh which is a predecessoof i, I;, = 1 impliesly = O for all other
stagesk that are also predecessorsf stagei (k2 P(i) nf hg). Due
to (1) a steady-statelistribution exists for Y7; let Y1 be distributed
accordingto this distribution. In particular Y,! corvergesto Y1 as
n! ¥.In the sequel,we will denoteby Gy, the agumentof the
maximum,i.e., Y1 = mag)(Gm.

B. LowerBound
For ary stagei let A(|) =f1;: jA(I)jg, we will be also writing

Proposmon .1 Assumethe hedgingpoints wl;w?;:::;wN satisfy

w = biwl, i = 2;:::;N, whee b; are constantsand1 b, b, for
all h2 A(|) (b1, 1). The steadystateshortfall Y1 satis es
Lo 1 1 .
Imn;fmlogP[Y W ge (%)
o f1 inf (L il .
Og;1 = Min égoa)(o "lea( ot (X0) g (X1));
1
min inf = inf L 2 (xo)+
2i N a0ax &nAd) XhXh  XiX=abj DI(XO)
(Xi;XA(i))ZOI
& xnLg, () + xilg (%) (6)
h2 A(i)
Proof: (Outline) Forary m 0 we have
1 1 1
—llogP[Yl wl] = —llogP[maxGm wl] —1IogP[Gm wl:

Choosea > 0 and write w! = ma Then for ary nodei we have
wowi= m(bh bi)a for all h2 P(i). We obtain

o logPlY! ] ma; Y]

andsincewe areinterestedn the regime wherew! ! ¥, it sufces
to analyzethe behaior of the right handside of (7) for large values
of m. To thatend,selectx; 0,12 f0;1g, and0 my m; for all
i2N andh2 P(i) suchthat & ,(m + &ppp(y In) = m

1
ma logP[Gm



mo Mmxe A lhmbh Da mpxp+
h2P(1)
a Im(b, boa myXn = mag  (8)
h2P(2)

Ih= 0 impliesm, = 0 andmg = O; I, = O for all k2 B(h), and for
ary stagei andh 2 P(i) for which I = 1 it is implied thatly = 0
for all k2 P(i) nf hg. To obtain a lower boundon P[G, mdg we
constructparticularsamplepath scenarioxcharacterizedy x;, I; and
m; thatleadto G, ma For eachsamplepathwe determinea lower
boundfor the stoclout probability (see[1]); after somealgebra,the
tightestlower boundreducesto (5). [ ]

C. UpperBound

w = bwl, i = 2::::;N, whee b; are constantsand 1 bn, b for
all h2 A(i) (b1, 1). Thesteadystateshortfall Y satis es
lim supi1 logPY! W1  qggq; ©)
wil ¥ W '
Qo1 Min(qy;bady;i::;buay) (10)
a sup g (11)

fqg 0 sup _(LD1(Q)+h2§\(_)XhLBh( Q)+ xiLg( g))<0g
U

(xi:xaiy)20!
Proof: We considerall samplepathsthat canleadto a value
larger thanw?. In particular the rst suchsamplepath corresponds
tol; = Ofor all i 2 P(1) andtheith samplepathcorrespondso I, = 1
for all h2 A(i) andl, = O for all k2 N nA(i). The detailedproof
follows [1] in establishingthe correspondingipperbound. [ ]
The following resultis dueto corvex duality; see[1, Prop.5.4].

Proposition 1.3 It holds g, = EG;l.

D. Main Theoem

Summarizing Propositionslll.1, 1.2, and Ill.3 we obtain the
following main theorem.

w = biwt, i= 2::::;N, whee b; are constantsand 1 bn, b for
all h2 A(i) (b1, 1). Thesteadystateshortfall Y1 satis es
o1 1.1 - .
Jim rlogPlY! W = ggy; (12)

wheee g, is givenby either (6) or (10).

Considernext the form of gg.; provided by (10). Considerthe
caseqg = big, for somei= 1;:::;N, where by, 1. To avoid
degenerateasesassumehatall productionprocesse8’ have distinct
log-momengeneratingunctionsandthatb; & bj foralli;j2 N . Let
X;, j 2 A(i)[ fig, betheoptimalsolutionof the optimizationproblem

sup  (Lpi(g)+ & xplpe( @)+ xiLg( ) =0atg= g .
(Xi5Xa)) 20! h2 A(i)
It can be seenthat one of the X; 's, j2 A(i)[ figis equalto 1. In
particulay x; is equalto 1; otherwisej.e., if X; = 1for somej 2 A(i),
thenqj = g; andbjgq; will betheminimizerin thede nition of g4
since bj q; < big, asbj< b for j 2 A(i). Consequentlyg, is the
largestroot of the equationL p:(gq) + Lgi( q) = 0. This obsenation
has an importantimplication. Speci cally, the stoclout probability
at stagel is characterizedy the distributions of the demandand
the production processat stagei. We can say that stagei is the
“bottleneck”sinceit is the onewhoseproductionprocessietermines

the tail of the stoclout probability This is though a “stochastic
bottleneck’sinceit is speci ed by distributions ratherthan means.
Thm. Ill.4 can be easily generalizedto yield the steady-state

E. Re ning the Large Deviations Asymptotics

Thm. 11l.4 suggestsan approximationof the stoclout probability
at stagel. To malke this approximationmore accurategspeciallyfor
large stoclout probabilities,we introducea prefactorin front of the
exponential. We will usethe following re ned approximation:

Pt Wl fi(whb)e % (13)
where the prefactor fi(wl;b) is a function of w! and b =

(by;:::;bn) = (%;:::;‘\"N—"I). To compute f1(w!; b), we evaluateby
simulation the stoclout probability P[Yl  w!] at several sam-

wil=e %1% for eachsamplepoint, whereb, = (W—q;:::;‘\’l‘v—"k:). Thus,
k k

we obtain a data set consistingof K pairs ((wg; by); f1(W; by)).

Then, we derivle a piecavise linear function fi(w!;b) so that

fi(wl;b)e %1 “ts” the true value of P[Y? w!] at the points

in the dataset. Somepractical details on the appropriatechoice of

f1(w!; b) canbefoundin [1]; the obsenationsreportedtherecanbe
straightforvardly appliedto the assemblysystem.

F. Approximatingthe expectedinventorycost

We now turn our attentionto approximatingexpectedinventory
costs.We assuma linearcoststructure Let h; bethe holding costfor

i inventoryis given by h;(E[I']+ &n2aciynf1g Ell M+ E[11)*]) where
(IM* = max(11;0), the total expectedinventory costis given by:
o

a
j2A()nf1g

N N .
an E[(H 1+ an EN+
i=1 i=2

We have
E[1H* 1= E[w! YH*']=w! E[YY+ E[max0; Y wh):
Using the tail distribution of Y givenin Eq. (13) we obtain

Zy Oo W
CPIYE wh> oy fawhb)® -

E[l)] :

E[max0;Y: wh)]=

G1 .
Foralli 2wehaeli=(w Y) wX) YED) whichimplies:
EfNl= ' END w0 EYI)

Thus, expectedinventory costscan be approximatedoy

N . ) N Qg W
Ahw EMD+ Ah fwhpE

i=1 i=1 Rl
To obtain an analyticalapproximationfor the inventory costwe are
left with computingE[Y']. In the following propositionwe establish
somestructuralpropertiesfor E[Y']; to this endfor eachstagei (i 2
N )wedene D, (W wsD).

(14)

be the correspondinchedgingpointssatisfyingd  wk  w with k2
A(i). For all stagesi which do nothaveany predecessofi.e.,i2 F ),

stages which haveat leastone predecessofi.e., i 2 N nF ), E[Y']
is a functionof Dy for all k2 B(i), andit is cornvex and monotonically
noninceasingin every coordinate



Motivated by thesepropertieswe approximateE[Y'] by using a
piecavise linear corvex functiong; which is a function of Dy for all
k 2 B(i). Speci cally, we usethe following approximationE[Y'] =

piecavise linear corvex functionthat“ts” E[Y'] at thosepoints.

G. Theinventoryoptimizationproblem

We can now posethe problem of optimizing expectedinventory
costs subject to maintaining service level constraints.Using the
approximatingexpressiondor expectedinventory costand stoclout
probabilitieswe have

N .
min .élhi (W Gi(Dggyw;:: 15 Dggiyienn )+
i=
2 ) 1.wW2..... wN e"G;l‘”1
Aimahi W5 i) g e (15)
BH® NGO
s.t. fi_(V\/;%;:::;m#)e G g:i= 1N

w  wK  8i and8k2 P(i):

This problem can be solved analytically using standardnonlinear
programmingtechniques.

We have comparedthe solution obtained from the above for-
mulation with the one obtainedusing an exhaustve researchover
all possible stock levels in a number of assemblysystems.The
simulationresults,which we omit due to spacelimitations, con rm
the validity of our approximationsand reveal that our analytical
approachis very accurate.In particular our policy is on the order
of 1.5% away from the optimal even for g on the order of 1-5%.
(Dueto the natureof our approximationghe accurag improvesase
becomesmaller) Note that to obtainthe basestock policiesthrough
simulationit is necessaryo explore all the possiblecombinationsof
w and selectthe one that yields the lowest cost within the desired
service levels constraints.Since stoclouts are controlled by g to
be relatively rare events, estimatingtheir probability requiresiong
simulation runs; from several hours to several days exploring an
interval “centered”at the analyticalsolution. Instead the solution of
thenonlineamprogrammingoroblemcanbeachiezedin nolongerthan
a minute for a 5-stageassemblysystem,while the “pre-processing”
operations(the prefactor evaluationand the approximationof E[Y'])
took onthe orderof a coupleof hours.Clearlythe proposedanalytical
approacheadsto signi cant computationakavings.

IV. THE SuPPLY CONTRACT MODEL

We considera buyer and a supplierthat interactas follows. The
buyer determinesa model of) the demandD} accordingto market
conditionsand associates cost (not necessarilymonetary)to ary
changein demandparametersThe supplier production processis
an assemblynetwork following a modi ed basestock production
policy. Safetystocksare setto minimize inventory costs— the cost
functionin problem(15) — usingasinput the buyer's demandmodel,
the servicelevel agreement- the constraintin problem(15) — and(a
modelof) the productioncapacitiesBin. We will explore how demand
parameterganbe adjustedaccordingto both supplierandbuyer cost
structuresso that ary generatedavings can be sharedamongthem.

We assumethat the buyer's demandis an m-state Markov-
modulatedoroces§yMMP), with transitionprobability matrix Pp and
demandlevels at eachstategiven by the vectorrp. The suppliers
production capacity at each node i of the assemblynetwork is
modeledby an m-stateMMP with transition probability matrix Pgi

assumethat any mutually agreedadjustmentsn rp keepthe mean

demandE[D] constantptherwisethe buyerwould beunableto satisfy

demandin the long term. We denoteby E[D] this constantvalue.
Let Cr(rp), the buyer costassociatedvith ary changeof rp, be

m
Cr(rp) = & z(rpi o4
i=1

(16)

where z; expresseghe buyer's costfor changingthe demandlevel
in the it" stateof the demandprocessyp is the vector of demand
levels initially determinedand to which the buyer associateszero
cost. The suppliers inventory cost function, Cy(rp), is the optimal
value function of problem (15). Our objective is to nd the vector
rp that solvesthe following problem:

min f(rp) = Cr(rp) + Cm(rp)
over X = frpj E[D] = E[D] Ip;i

a7
0 8ig:

Problem(17) is a nonlinearoptimizationproblemover a corvex set
andcanbe solved usingthe conditionalgradientmethod.To thatend,
we needthe costfunction gradient.The gradientof the buyer's cost
canbe easilyderived from (16). We canevaluatethe gradientof the
supplierinventory costsusing nite differences.

It is interestingto obsere thatthe above algorithmcanbeusedin a
distributedfashion.In particular the buyer cantake chage of nding
new demandvectorson feasibledescentirections.At eachiteration,
the buyer presentghe supplierwith the new demandlevels rB and
the supplierrespondsith the gradientNCM(r'E)) of its costfunction.
This gradientinformationcanbe providedin the form of appropriate
incentivesto the buyer The buyer usesthis gradientinformation to

nd a feasible direction and computer L. Note that neither the
suppliernor the buyer needto know eachothers coststructures.

V. CONCLUSIONS

We studiedthe inventory control problemfor a single classas-
semblynetwork which operatesindera modi ed echelonbase-stock
policy. We developedan approachto nd close-to-optimalechelon
stocklevels that minimize inventory costswhile guaranteeingtock-
out probabilities stay belov some prede ned levels. Relying upon
large deviationstechniqueswe reducedthe safetystock selectionto
a deterministicnonlinearoptimizationproblem.

We also usedour inventory control approachto analyzehow a
suppliercaninteractwith a buyerto reacha mutuallybene cial mode
of operationsThisinteractiontakestheform of a supplycontractthat
enforcesexplicit QoS guaranteesThe joint optimization algorithm
we proposedcan be usedin a distributed fashionwith neitherthe
suppliernor the buyer revealing their correspondingost structures.
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