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We consider wireless sensor networks with nodes switching ON (awake) and OFF (sleeping) to
preserve energy, and transmitting data over channels with varying quality. The objective is to
determine the best path from each node to a single gateway. Performance metrics of interest are:
the expected energy consumption and the probability that the latency exceeds a certain threshold.
Under Markovian assumptions on the sleeping schedules and the channel conditions, we obtain the
expected energy consumption of transmitting a packet on any path to the gateway. We also provide
an upper (Chernoff) bound and a tight large deviations asymptotic for the latency probability
on each path. To capture the trade-off between energy consumption and latency probability we
formulate the problem of choosing a path to minimize a weighted sum of the expected energy
consumption and the exponent of the latency probability. We provide two algorithms to solve
this problem: a centralized stochastic global optimization algorithm and a distributed algorithm
based on simulated annealing. The proposed methodology can also optimize over the fraction of
time sensor nodes remain ON (duty cycle).
Categories and Subject Descriptors: C.2.3 [Network Operations]: Network Management; C.4
[Performance of Systems]: Modeling Techniques, Performance Attributes; G.3 [Probability and Statistics]: Statistical Computing; G.1.6 [Optimization]: Constrained Optimization,
Nonlinear Programming
General Terms: Algorithms, Performance
Additional Key Words and Phrases: Sensor networks, Energy and resource management, Latency,
Routing, Sleeping schedule.

1.

INTRODUCTION

The emergence of wireless sensor networks has enabled numerous novel applications,
e.g., indoor location detection [Ray et al. 2006], habitat monitoring [Mainwaring
et al. 2002], smart homes and offices. For many of these applications, it is required
that data from the sensors be received by the gateway in a timely fashion. In
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a surveillance application, for instance, the detection of some (possibly moving)
intruder should be communicated to the gateway within a reasonably short timeframe. Yet, as the sensor nodes are typically powered by batteries, and replacing
them is expensive, packets have to be transmitted in the most energy efficient way
to extend the network lifetime.
In general we cannot achieve both goals at the same time. For instance, in
a dense network, when a distant node has a packet for the gateway it can use
many short hops (and hence, low power transmissions) to minimize the energy
consumption, which causes a large delay. Alternatively, it can use few long hops
which incurs a small delay but consumes a lot of energy. Thus, a natural, yet very
important, question is: how should those nodes cooperate to balance energy and
latency considerations?
Until now there has been an extensive body of research on energy efficient communication protocols from many different perspectives. For example, LEACH [Heinzelman et al. 2002] is a cluster forming approach that uses TDMA schedules to reduce
energy consumption. [Ergen and Varaiya 2006] proposes another TDMA scheme
that extends to multihop networks assuming there is a high power access point that
can reach every sensor in the network. Maximum lifetime routing is considered in
[Chang and Tassiulas 2004] where a linear programming problem is formulated to
maximize the system lifetime, i.e., the time till the first node dies. Adaptive sleeping
policies for sensors are proposed in [Fuemmeler and Veeravalli 2007] to address the
tradeoff between energy consumption and tracking error in the framework of partially observable Markov decision processes, and the simulation results show that
the proposed sleeping policies perform well relative to the optimal policy. Some
of the earlier work has also attempted to address the tradeoff between energy and
latency in sensor networks. The minimum energy transmission scheduling problem
is considered in [Yu et al. 2004] assuming a given structure of a data aggregation
tree, where the data face delivery deadlines. SMAC is a media access control protocol proposed in [Ye et al. 2004] which maintains a synchronized periodic sleeping
schedule within a cluster of sensors. Reductions in energy consumption are achieved
by decreasing the duty cycle of the common schedule. [Lu et al. 2005] proposes to
schedule the activities of the sensor nodes to reduce the latency caused by sleeping
nodes, while meeting the duty cycle requirement of each sensor. [Miao and Cassandras 2006] focuses on the single hop transmission control problem in which each
packet has a different deadline and number of bits, and the objective is to minimize
the total energy consumption for transmission while satisfying a latency constraint
for each packet.
In this work we consider a more unified and challenging energy-latency trade-off
problem by taking into account factors that have not been studied in the same
framework before, namely, the effect of varying channel conditions and the use
of routing in optimizing a metric that combines energy consumption and latency
Quality-of-Service (QoS). To that end, answers to the following two questions are
critical in evaluating the performance of a sensor network:
—On average, how much energy is needed to transmit the data from each source
to the gateway?
—What percentage of the data generated by each source cannot reach the gateway
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before some reasonable deadline?
Motivated by these questions we will work with the expected energy consumption
for transmitting the data to the gateway and we will quantify the latency QoS
by the probability that delay along a path exceeds a certain amount. For some
applications, the expected delay along a path may also be an acceptable latency
QoS metric and, indeed, it has been studied in the literature [Ye et al. 2004; Lu
et al. 2005]. As we will see later on, our framework can handle this case as well. Of
course, working with the latency probability allows far greater generality and can
accommodate applications with very stringent QoS requirements.
Modeling the varying channel conditions is critical for sensor network applications. Wireless channel unreliability is a critical phenomenon, especially at the low
power levels sensors use to communicate. It affects both the latency, as unsuccessful
transmissions are repeated, and energy consumption as nodes are forced to transmit
more often and at higher power to successfully forward their packets. To capture
the channel characteristics, we utilize finite state Markov models which have been
proposed and widely analyzed in the literature [Zhang and Kassam 1999; Wang and
Moayeri 1995]. In particular, the Gilbert-Elliot model [Gilbert 1960; Elliot 1963]
for burst noise channels can be seen as a special case of the finite state Markov
models we use in this paper.
Equally important is to capture nodes turning their radios OFF (going to sleep)
to preserve energy, a tactic used by most sensor network platforms. In our model,
we assume that the sensors turn their radios ON and OFF independently from each
other, and that the transitions between ON and OFF states are randomized, or to
be more specific, Markovian. Note that although synchronous and deterministic
sleeping schedules have received a lot of attention in the literature, e.g. [Ye et al.
2004; Elson et al. 2002], aside from the purpose of a tractable analysis we choose
to consider asynchronous and randomized strategies due to the following reasons:
(1) Collision/interference avoidance. With synchronous and deterministic sleeping schedules, nodes tend to wake up at the same time. Therefore, if nodes in a
dense network are to exchange information with their neighbors after waking up,
e.g., SYNC packets in SMAC [Ye et al. 2004], packet collisions and retransmissions
will be plenty. Moreover, nodes could be easily get synchronized with some other
periodic wireless interference source in their environment, e.g., some other sensor
network, an 802.11 network with periodic traffic, etc. On the other hand, with
asynchronous and randomized sleeping strategies we would have significantly less
number of nodes awake at the same time when the duty cycle of the sensors is
small, which is the typical scenario for practical sensor networks.
(2) Security. Synchronous and deterministic sleeping schedules are more vulnerable to Denial of Service (DoS) attacks and eavesdropping. One form of DoS is to
selectively jam or interfere with transmissions [Wood and Stankovic 2002]. An adversary can easily achieve this by capturing the sleeping schedule and broadcasting
malicious packets during the times nodes wake up. This attack would be difficult
to detect without additional security protocols. However, with asynchronous and
randomized sleeping strategies the adversary would not be able to predict when
nodes are awake and would have to transmit malicious packets most of the time.
This, however, is (energetically) expensive for the adversary and the attack is more
ACM Journal Name, Vol. XX, No. XX, MM 20YY.

4

·

Lai and Paschalidis

easily detectable as the rogue devices are transmitting more often.
We focus on selecting for each node a route to the gateway which minimizes a
weighted sum of the expected energy consumed and a characterization of the latency probability (using large deviations ideas). This trade-off problem is related
to problems that minimize energy subject to QoS constraints and leads to Pareto
optimal points for the two-objective optimization problem involving energy and
the latency probability. The problem turns out to be non-convex, thus challenging.
We propose two alternatives: a centralized global optimization approach, which
generalizes earlier work in [Paschalidis et al. 2007], and a distributed approach
based on simulated annealing. A useful conclusion is that the distributed approach
comes at a modest performance cost while it is much more appealing from an implementation and energy savings point of view. Essentially, our distributed routing
approach orchestrates appropriate coordination between sensor nodes as they look
for an optimal path. As we will see, it requires information exchange only between
neighboring nodes.
Our framework can also be extended to optimize the sensors’ duty cycles to
achieve better performance; the simulated annealing algorithm we propose can be
easily adapted to solve this joint routing and duty cycle optimization problem.
The rest of the paper is organized as follows. In Sec. 2 we introduce the network
model. In Sec. 3 we characterize the expected energy consumption and latency
probability on each path. In Sec. 4 we provide a large deviations asymptotic for
the latency probability. The trade-off problem is formulated in Sec. 5, where we
also introduce the two (centralized and distributed) solution approaches. In Sec. 6
we extend our framework to optimize over duty cycles. Numerical results are in
Sec. 7 and conclusions in Sec. 8.
Notational Conventions: Throughout the paper all vectors are assumed to
be column vectors. We use lower case boldface letters to denote vectors and for
economy of space we write x = (x1 , . . . , xR ) for the column vector x. x0 denotes
the transpose of x, 0 the vector of all zeroes, e the vector of all ones, and ei the
ith unit vector. We use upper case boldface letters to denote matrices and write I
for the identity matrix and 0 for the matrix of all zeroes. We use xmax and xmin to
denote the largest and the smallest elements of vector x, respectively. We denote by
|A | the cardinality of set A . When the matrix A is positive semidefinite we write
A  0. By diag(x1 , x2 , . . . , xR ) we denote the diagonal matrix with the diagonal
elements given by x1 , x2 , . . . , xR .
2.

THE MODEL

Consider a Sensor NETwork (SNET) with N nodes switching their radios “ON” and
“OFF” to save energy. The subsystem controlling the array of sensors attached to a
node may remain ON depending on the application. The motivation for switching
the radios OFF comes from the fact that communication is energetically expensive.
Hereafter, we will simply say that a node is ON or OFF and that would mean that
the corresponding radios are ON or OFF, respectively. In the SNET, there is also
a data sink (gateway) and all the information collected by the sensors is intended
for this data sink. We identify the data sink as the N + 1st node of the SNET and
we model the network as a directed graph G = (V , E ), where V = {1, . . . , N + 1}
ACM Journal Name, Vol. XX, No. XX, MM 20YY.
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is the set of nodes and E is the set of all directed links. For any link k ∈ E , we
denote the origin and the destination of the link by s(k) and d(k), respectively.
We assume time t is continuous. Furthermore, the channel state Xk for each link
k ∈ E is random and can take Uk +1 possible values, i.e., 0, . . . , Uk . We assume that
{Xkt } is a continuous time Markov process with irreducible transition rate matrix
(infinitesimal generator) Ak . (An implicit necessary condition is that the channel
can be well represented by a stationary process over the time scale of interest; nonstationarities, see e.g., [Konrad et al. 2001], cannot be handled analytically in our
0
the (u, u0 ) element of the matrix Ak . For each k ∈ E ,
framework.) Denote by auu
k
when Xk is in state u an attempt to transmit a packet (that is, when both s(k)
and d(k) are ON and s(k) has a packet to send to d(k)) would be successful with
(u)
(u)
(u)
probability pk and unsuccessful with probability qk = 1 − pk . In the former
case we will say that the channel is “good” and in the latter that the channel is
“bad”, and we assume that the channel being “good” or “bad” only depends on the
background noise. Therefore, the necessary and sufficient condition for a packet to
be successfully transmitted on link k at time t is: (a) s(k) and d(k) are both ON
at t, and (b) the channel k is “good” at t. Note that for any k ∈ E , there exists
(u)
at least one state u ∈ {0, . . . , Uk } such that pk > 0; otherwise k 6∈ E . On the
other hand, for convenience we assume that if d(k) = N + 1 then there exists at
(u)
least one state u ∈ {0, . . . , Uk } such that qk > 0, namely, there are times when
link k may have a “bad” channel. We will revisit this assumption in Sec. 3. Let us
use π k to denote the steady-state probability vector of the Markov process {Xkt },
and thus the probability of Xk being in state u and channel k being “good” is
(u) (u)
given by πk pk ; similarly, the probability of Xk being in state u and channel k
(u) (u)
being “bad” is πk qk , ∀u = 0, . . . , Uk . Last, let Ãk and Āk be the submatrices
(u)
of Ak corresponding to the states in the sets {u | qk > 0, u = 1, . . . , Uk } and
(u)
{u | pk > 0, u = 1, . . . , Uk }, respectively. The following assumption remains in
effect for the rest of the paper.
Assumption A
(i) Ãk and Āk are irreducible, ∀k ∈ E .
(ii) Xkt and Xkt 0 are independent, ∀k 6= k 0 , k, k 0 ∈ E .
(iii) {Xkt } is time reversible, ∀k ∈ E .
Remark (i): Assumption (i) is not as restrictive as it seems to be. This assumption is satisfied when Ãk = Āk = Ak , namely, for every state of Xk there is a
positive probability that the packet cannot (or can) go through if both the transmitter and the receiver are ON. Moreover, the Gilbert-Elliot model [Gilbert 1960;
Elliot 1963] (i.e., a two-state Markov process which with probability 1 determines
the channel is “good” or “bad” at each point of time) can be seen as a special case
where Ãk and Āk become one-element matrices.
Remark (ii): Assumption (ii) is necessary for a tractable analysis in our framework, and it holds in wireless sensor networks where the interference in a certain
area does not affect the conditions of multiple links with different destinations.
We note, however, that Assumption (ii) may be violated in networks with multiACM Journal Name, Vol. XX, No. XX, MM 20YY.
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ple correlated interference sources, in which case the analysis becomes much more
complicated.
Remark (iii): Assumption (iii) is a technical condition for the convenience of our
analysis. As a special case of our framework, the Gilbert-Elliot model automatically
satisfies this assumption. In fact this assumption may be replaced by some less
restrictive, though less obvious, assumptions about channel states. We will further
clarify this point in Appendix A.
For each link k ∈ E , node s(k) consumes a certain amount of power while it is
trying to establish a connection with node d(k). We model this power consumption
as a constant ck (in Watts) for each k ∈ E . Note that our assumption does not
require s(k) to use a constant transmission power level. Rather, ck has the interpretation of the average power consumption during connection establishment and it
depends on the (condition of the) link. Once the connection is established and if X k
is in state u upon the connection, the energy that node s(k) uses to transmit data
(u)
to d(k) is given by gk (in Joules), which is also dependent on the link’s condition.
(u)
(u)
Throughout the paper we will adopt the convention that gk = ∞ if pk = 0.
We define the random variable Yi for each node i = 1, . . . , N as the state of node
i, i.e., if node i is ON at time t then Yit = 1; otherwise Yit = 0. The data sink,
however, is always awake, thus, YNt +1 = 1 for all t. For each node i = 1, . . . , N ,
we assume that Yit evolves according to a continuous time Markov process with
transition rate matrix Bi when it does not receive or transmit any packets, where
 00 01 
b b
Bi = i10 i11 ,
bi bi
10
and b01
i > 0 and bi > 0 are the transition rates from OFF to ON, and from ON to
(0) (1)
OFF, respectively. The steady state distribution of Yi is denoted by ρi = (ρi , ρi )
and the Yi ’s are independent for different nodes i and independent of all channel
conditions.
We assume that once a node generates or receives data to forward, it remains
in the ON state and keeps trying to transmit until it is successful (i.e., until the
downstream node is ON and the channel state is “good”). Then, it resumes its
sleeping schedule according to the corresponding Markov process.
We will be making an assumption that the SNET transports “few data generated
at a low rate”, which is typical in sensor networks. Thus, data to be sent to
the gateway gets generated at a single node at a time, fit in few packets whose
transmission time is negligible, and the probability that a transmitting node finds
its downstream node with independent data to transmit is also negligible. Moreover,
data generation occurs in a much slower time scale than the one at which sleeping
and channel state processes make transitions; hence, the corresponding Markov
chains are in steady-state at data generation epochs. One implication of our “few
data at a low rate” assumption is that the time at which a node acquires data to
send is a random incidence on the Markovian sleeping schedule of the downstream
node. Moreover, once the channel for some link k enters a state Xk we can assume
that at most one packet may have to be transmitted before the channel switches to
some other state Xk0 .
Let us now focus on a node, say node 1; the analysis for all the other nodes is
ACM Journal Name, Vol. XX, No. XX, MM 20YY.
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identical. Suppose node 1 has data at time 0 which tries to deliver to the data sink,
possibly in a multihop fashion. Due to the assumptions made earlier we consider
the transmission, propagation, and queueing delays to be negligible. Thus, delays
are only introduced by bad channel conditions and nodes that may be sleeping
(OFF). Suppose the data is transmitted through a path p from node 1 to N + 1.
Then the total latency is given by
P
Lp = k∈p Lk ,

where Lk is the latency the data experiences on link k. The energy spent on
(X )
transmitting the data over this link is given by Tk = gk k + ck Lk , where Xk
indicates the channel state at the time of the connection establishment for link k.
The total energy spent for sending the data over path p is given by
P
Tp = k∈p Tk .

Note that for any fixed p, Tp and Lp are both random variables. We are interested
in characterizing the following two quantities: (1) E(Tp ): the expected energy
consumption on path p, and (2) P(Lp ≥ d): the probability that the delay of a
packet on path p exceeds a threshold d.
3.

PERFORMANCE ANALYSIS

3.1

Some Preliminary Results

First we present some preliminary results for any path p from node 1 to the gateway.
Let us first focus on the link k with s(k) = i and d(k) = j. We define the random
variable Ok such that Ok = 1 if the channel k is “good”; otherwise we let Ok = 0.
Note that Ok is a Bernoulli random variable conditional on the channel state Xk .
Because of our earlier “few data at a low rate” assumption it suffices to draw O k
only once every time the channel enters a new state Xk . Suppose σ is the last link
on path p and let p̃ = p \ {σ}; in the following we distinguish between two cases:
k ∈ p̃ and k = σ.
3.1.1 Case 1: k ∈ p̃. Consider the process with state (Xk , Yj , Ok ). The state
(0)
(1)
(2)
space is given by Sk = Sk ∪ Sk ∪ Sk ∪ Rk where
(0)

Sk

(1)
Sk
(2)
Sk

(u)

> 0, u = 0, . . . , Uk },

(u)
qk
(u)
pk
(u)
pk

> 0, u = 0, . . . , Uk },

= {(u, 0, 0) | qk
= {(u, 1, 0) |
= {(u, 0, 1) |

Rk = {(u, 1, 1) |

> 0, u = 0, . . . , Uk },
> 0, u = 0, . . . , Uk }.

Since {Xkt } and {Yjt } are independent Markov processes, and Okτ (probabilistically)
depends only on Xkτ at any time τ , it can be seen that {Xkt , Yjt , Okt } is a Markov
process as well. The process {Xkt , Yjt , Okt } can be interpreted as follows. Consider
first the Markov process {Xkt } and augment the state by Okt . The resulting process
is clearly Markovian since Okt depends only on Xkt . Specifically, whenever {Xkt }
enters a new state u ∈ {0, . . . , Uk } we draw the Bernoulli random variable Okt ;
depending on the outcome we will say that the {Xkt , Okt } process is in state (u, 0)
or (u, 1). Let there be no transitions between the “substates” (u, 0) and (u, 1)
ACM Journal Name, Vol. XX, No. XX, MM 20YY.
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and note that {Xkt , Okt } changes state only when {Xkt } does. Then the process
{Xkt , Yjt , Okt } can be seen as the product of the two independent Markov processes
{Xkt , Okt } and {Yjt }. We formalize this discussion as the following lemma.

Lemma 3.1 {Xkt , Yjt , Okt } is a Markov process, ∀k 6= σ.

(0)
(1)
(2)
Let S˜k = Sk ∪Sk ∪Sk and permute the states of {Xkt , Yjt , Okt } in the order
(0)

(1)

(2)

of Sk , Sk , Sk

and Rk . Then the transition matrix of {Xkt , Yjt , Okt } is

Ωk =

˜

˜



Hk Rk
Vk W k

˜


˜

where Hk ∈ R|Sk |×|Sk | , Rk ∈ R|Sk |×|Rk | , Vk ∈ R|Rk |×|Sk | , and Wk ∈ R|Rk |×|Rk | .
More specifically, Hk is the submatrix of Ωk corresponding to the states in S˜k
while Wk corresponds to those in Rk . Rk and Vk are the transition rate matrices
(u)
from S˜k to Rk , and from Rk to S˜k , respectively. As a special case, if 0 < pk < 1
(u)
and 0 < qk < 1 for all u = 1, . . . , Uk , then the matrices are given by:
h
i
(2)
Hk = H(1)
Hk ,
k

h
i
Vk = Vk(1) Vk(2) ,

(1)

Hk =

(1)
ωk00
a01
k qk
 a10 q (0)
ωk11
 k k

..
..

.
.

 Uk 0 (0) Uk 2 (1)
 a k qk a k qk

 b10
0

j


0
b10
j

..
..


.
.


0
0


(1)
0
a01

k qk
 10 (0)
 a k qk
0


..
..

.
.
Uk 0 (0)
Uk 1 (1)
a k qk a k qk

(U )

k
k
. . . a0U
k qk
k (Uk )
. . . a1U
k qk
..
..
.
.

...
...
...
..
.
...
...
...
..
.
...

b01
j
0
..
.
0

0
b01
j
..
.
0
(1)
a01
k qk

ωkUk Uk
0
ωkUk +1,Uk +1
(0)
ωkUk +2,Uk +2
0
a10
k qk
..
..
..
.
.
.
Uk 1 (1)
Uk 0 (0)
10
a k qk
bj
a k qk
k (Uk )
q
0
0
a0U
k
k
1Uk (Uk )
0
0
a k qk
..
..
..
.
.
.
0
0
0
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...
..
.
...
...
...
..
.
...
...
...
..
.
...

0
0
..
.
b01
j
k (Uk )
a0U
k qk
k (Uk )
a1U
k qk
..
.















,



2Uk +1,2Uk +1 
ωk


0



0


..

.
0
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(2)

Hk

(1)

a01
k pk
0
..
.







k 1 (1)
 aUk 0 p(0)
aU
k pk
k
k


0
0


0
0

=
..
..

.
.


0
0

(1)
ω 2Uk +2,2Uk +2
a01
 k
k pk

(0)
 a10
ωk2Uk +3,2Uk +3
k pk

.
..

..

.
Uk 0 (0)
Uk 1 (1)
a k pk
a k pk

(1)

Vk

0
(0)
a10
k pk
..
.



(2)

Vk



=


b10
j

...
...
...
..
.

0
0
0
..
.

...
...
...
..
.

0
(U )
ak0Uk pk k
(U )
ak1Uk pk k
..
.

. . . ωk3Uk +2,3Uk +2

(1)

0 ...
0 ...
.. . .
. .



0 ... 0

0 b10
j ... 0 
.. .. . . ..  ,
. . 
. .
0 0 . . . b10
j

(1)

a01
ω 3Uk +3,3Uk +3
k pk
 k 10 (0)
3Uk +4,3Uk +4
 a k pk
ωk
Wk = 
..
..


.
.
(0)

k0
aU
k pk

...

(1)

k1
aU
k pk













,












0

0
0
..
.







0
0

01 (1)

0
a k pk

 10 (0)
0
 a k pk
Rk = 
..
..


.
.
 Uk 0 (0) Uk 1 (1)
a p
a
k pk
 k 01 k
 bj
0

01

0
b
j


..
..

.
.
0
0






k (Uk )
. . . a0U
k qk

k (Uk )

. . . a1U
k qk
,
..
..

.

.

0
0
..
.





k
k
a0U
k pk
0Uk (Uk )
a k pk
..
.

0
0
a01
k qk
(0)
10
0 a k qk
0
..
..
..
.
.
.
Uk 1 (1)
Uk 0 (0)
0 0 . . . 0 a k qk a k qk

0

0
=
 ..
.

(U )

...
...
..
.

9

...
...
..
.

...
...
..
.
...
...
...
..
.
...
...
...
..
.
...

0
0
..
.









0

0Uk (Uk ) 
a k pk 
(U ) 
ak1Uk pk k 
,
..


.


0


0


0


..

.

(U )

k
k
a0U
k pk
(U )
ak1Uk pk k
..
.

. . . ωk4Uk +3,4Uk +3

b01
j








and ωkii is such that the sum of each row of Ωk is zero, ∀i = 0, . . . , 4Uk + 3.
Let δ k and γ k be the stationary probability vectors of the states in S˜k and Rk ,
respectively. As Xk and Yj are independent, it can be seen that
(u) (0) (u)

δk (u, 0, 0) = πk ρj qk ,

(0)

∀(u, 0, 0) ∈ Sk ,
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(u) (1) (u)

∀(u, 1, 0) ∈ Sk ,

(u) (0) (u)

∀(u, 0, 1) ∈ Sk ,

(u) (1) (u)

∀(u, 1, 1) ∈ Rk .

δk (u, 1, 0) = πk ρj qk ,
δk (u, 0, 1) = πk ρj pk ,
γk (u, 1, 1) = πk ρj pk ,

(1)

(2)

Furthermore, δ k and γ k are positive vectors, namely, δ k > 0 and γ k > 0. Moreover,
by direct computation it can be verified that {Xkt , Yjt , Okt } satisfies the detailed
balance equations, and thus is a time reversible Markov process. We state this as
the following lemma.
Lemma 3.2 The Markov process {Xkt , Yjt , Okt } is time reversible, ∀k 6= σ.
3.1.2 Case 2: k = σ. In this case as the gateway is always ON, let us consider
the stochastic process {Xσt , Oσt } with state space Sσ = S˜σ ∪ Rσ where
S˜σ = {(u, 1, 0) | qσ(u) > 0, u = 1, . . . , Uk },
Rσ = {(u, 1, 1) | p(u)
σ > 0, u = 1, . . . , Uk }.
Let us permute the states of {Xσ , Oσ } in the order of S˜σ and Rσ . Following
the same reasoning as in Sec. 3.1.1, we can see that the process {Xσt , Oσt } is also a
Markov process with transition matrix


Hσ Rσ
,
Ωσ =
Vσ W σ
˜

˜

˜

˜

where Hσ ∈ R|Sσ |×|Sσ | , Rσ ∈ R|Sσ |×|Rσ | , Vσ ∈ R|Rσ |×|Sσ | , and Wσ ∈ R|Rσ |×|Rσ | .
Recall the assumption in Sec. 2 that there exists at least one state u ∈ {0, . . . , U σ }
(u)
such that qσ > 0. Thus, |S˜σ | > 0 and Hσ is well defined. In the special case of
(u)
(u)
0 < pσ < 1 and 0 < qσ < 1 for all u = 1, . . . , Uσ , we have


(Uσ )
(1)
σ
. . . a0U
a01
ωσ00
σ qσ
σ qσ
 10 (0)
(U ) 
 a σ qσ
ωσ11
. . . aσ1Uσ qσ σ 

,
Hσ = 
..
..
..
..

.


.
.
.
(0)





Rσ = 



aσUσ 1 qσ

0
(0)
a10
σ pσ
..
.

a01
σ pσ
0
..
.

(0)

aσUσ 0 pσ





Vσ = 



(1)

aσUσ 0 qσ

0
10 (0)
a σ qσ
..
.
(0)

aσUσ 0 qσ

(1)

(1)

σ1
aU
σ pσ

(1)

a01
σ qσ
0
..
.

(1)

aσUσ 1 qσ
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(U )
. . . aσ0Uσ pσ σ
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(Uσ )
σ
. . . a0U
σ qσ
(Uσ ) 
σ

. . . a1U
σ qσ
,
..
..

.

.
...
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ωσUσ +1,Uσ +1
a01
σ pσ

10 (0)
Uσ +2,Uσ +2
 a σ pσ
ωσ
Wσ = 
..
..


.
.
(0)

aσUσ 0 pσ

(1)

σ1
aU
σ pσ

...
...
..
.

(U )

aσ0Uσ pσ σ
(Uσ )
σ
a1U
σ pσ
..
.

. . . ωσ2Uσ +1,2Uσ +1
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,



and ωσii is such that the sum of each row of Ωσ is zero, ∀i = 0, . . . , 2Uσ + 1.
Denote by δ σ and γ σ the stationary probability vectors of the states in S˜σ and
Rσ , respectively. Then we have
δσ (u, 1, 0) = πσ(u) qσ(u) ,

∀(u, 1, 0) ∈ S˜σ ,

γσ (u, 1, 1) = πσ(u) p(u)
σ ,

∀(u, 1, 1) ∈ Rσ ,

and as before we have the following lemma.
Lemma 3.3 {Xσt , Oσt } is a time reversible Markov process.
In the rest of the paper we will need the following lemma regarding the eigenvalues
of the matrix Hk , ∀k ∈ p. The proof is in Appendix A.
Lemma 3.4 For all k ∈ p, all the eigenvalues of Hk are negative real numbers.
3.2

Performance Metrics

Next, we characterize the two performance metrics E(Tp ) and P(Lp ≥ d) for any
path p from node 1 to the gateway. Again let us first focus on the link k with
s(k) = i and d(k) = j. Suppose node s(k) receives the data at time t and tries to
deliver them to node d(k) immediately without any processing delay. Since s(k)
receives data at t, its state has to be ON, thus, the probability distribution of L k
is identical with the conditional probability distribution of Lk given Yit = 1, i.e.,
P(Lk ≤ `) = P(Lk ≤ ` | Yit = 1), ∀` ≥ 0.
For convenience we will denote by Φk the random vector (Xk , Yj , Ok ) if k ∈ p̃, or
(Xk , Ok ) if k = σ throughout this paper. To proceed we need the following lemma
regarding the probability distribution of the first passage times of the Markov process {Φtk }. The proof is in Appendix B.
Lemma 3.5 For any k ∈ p, let the elements of vector fk (t) be the probability
distribution functions of the first passage times of the Markov process {Φ tk } from
the states in S˜k to the set Rk , ∀k ∈ p. Then fk (t) = (I − eHk t )e.
We are now ready to derive a characterization of the performance metrics.
Theorem 3.6 For any path p, ` ≥ 0 and k ∈ p
P(Lk ≤ `) = 1 − δ 0k eHk ` e,
X

E(Tp ) =
g̃k − ck δ 0k H−1
k e .

(1)
(2)

k∈p

where g̃k =

P Uk

(u)

(u) (u)

u=0 gk πk pk
P Uk
(u) (u)
u=0 πk pk

, ∀k ∈ p.
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Proof. First note that P(Lk = 0 | Φtk ∈ Rk ) = 1 and we have
P(Lk ≤ `) =P(Lk ≤ ` | Φtk ∈ Rk )P(Φtk ∈ Rk ) + P(Lk ≤ ` | Φtk ∈ S˜k )P(Φtk ∈ S˜k )
=γ 0k e + δ 0k fk (`) = γ 0k e + δ 0k (I − eHk ` )e = 1 − δ 0k eHk ` e,
where the third equality uses the first passage time distribution of the Markov
process {Φtk } to the set Rk (cf. Lemma 3.5). This establishes (1).
For (2) let (Xk , Yj , Ok ) (or (Xk , Ok ) if k = σ) be the state of the Markov process
(X )
at the time when the connection is established for link k ∈ p. Note that E(g k k ) =
(X )
E(gk k | Ok = 1) and we have
PUk
(X )
(X )
E(gk k | Ok = 1) = u=0
E(gk k | Xk = u, Ok = 1)P(Xk = u | Ok = 1)
PUk (u) πk(u) pk(u)
= u=0
gk PUk (u) (u) = g̃k ,
u=0

πk pk

and
R∞
P(Lk ≥ `)d` = 0 δ 0k eHk ` ed` = −δk0 H−1
k e.
P
Last note that E(Tp ) = k∈p E(Tk ) and the conclusion follows.
E(Lk ) =

R∞
0

Remark : In Sec. 2 we assumed that for any link k with d(k) = N + 1, there exists
(u )
some channel state uk such that qk k > 0. Now let us suppose this assumption is
violated for some link σ ∈ E , then
PUσ (u) (u)
gσ πσ , g̃σ .
P(Lσ = 0) = 1, E(Lσ ) = u=0
Therefore, for any d > 0 and any path p such that σ ∈ p, we have
P(Lp ≥ d) = P(Lp̃ ≥ d),

E(Tp ) = E(Tp̃ ) + g̃σ .

As a result we can focus on p̃ instead of p without loss of generality, and this avoids
technical difficulties for Lemma 3.4 (cf. Appendix A).
4.

LARGE DEVIATIONS ASYMPTOTICS

With the latency probability on each link given in Thm. 3.6, in principle we can
compute P(Lp ≥ d) for any fixed path p and constant d. However, this is computationally expensive as it involves a convolution of latency probabilities over all
links in p. In this section, we develop a large deviations asymptotic for P(L p ≥ d)
which can be calculated with much lower complexity and involves a maximum over
all links in p. As we will see, such an expression is more amenable to a distributed
computation and identifies a “bottleneck” link in p.
Define vector the rk = −Hk e and note that rk ≥ 0, rk 6= 0. We define the
logarithmic moment generating function Λk (θ) for each link k ∈ p
Λk (θ) = log E(eθLk )
R∞
= log(γ 0k e − 0 eθ` δ 0k eHk ` Hk ed`)
R∞
= log(γ 0k e + 0 δ 0k e(θI+Hk )` rk d`)
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for any θ ≥ 0.
The following lemma establishes the positivity of some matrices that will be used
in the rest of the paper. The proof is in Appendix C. This lemma guarantees the
applicability of the Perron-Frobenius theorem [Horn and Johnson 1990] regarding
positive matrices.
Lemma 4.1 For any ` > 0 and θ ≥ 0, the matrices eHk ` and e(θI+Hk )` are positive
for any k ∈ p.
Let λk be the maximum eigenvalue of Hk for any k ∈ p. It follows that λk < 0
as all eigenvalues of Hk are negative (cf. Lemma 3.4). The next lemma establishes
a useful property of Λk (θ) for all k ∈ p. The proof is in Appendix D.
Lemma 4.2 For any k ∈ p, we have Λk (θ) < ∞ if θ < −λk , and Λk (θ) = ∞ if
θ ≥ −λk .
Now we are ready to derive an upper bound on P(Lp ≥ d). Note that for any
θ ≥ 0 we have
P(Lp ≥ d) ≤ P(eθLp ≥ eθd )
θLp −θd
≤ E(e
)e
P
Λk (θ)−θd
k∈p
,
=e
where we use the Markov inequality and the independence of Lk ’s for all links k in
p. To obtain the tightest such upper bound, we minimize over θ ≥ 0, namely
P
P(Lp ≥ d) ≤ exp{min( k∈p Λk (θ) − θd)}.
(3)
θ≥0

The objective function of the optimization problem in (3) is convex and differentiable. It canP
be verified that the function Λk (θ) is strictly convex in θ, and thus,
the function k∈p Λk (θ) − θd is also strictly convex in its domain. Furthermore
for any k ∈ p, the derivative of Λk (θ) is given by
R ∞ 0 (θI+H )`
d
k
δ e
rk d`
dθ
Λ̇k (θ) = 0 R0 ∞k 0 (θI+Hk )`
γ k e+
δk e
rk d`
R ∞ d 0 0 (θI+H )`
k
δ e
rk d`
= 0 0 Rdθ∞ k 0 (θI+Hk )`
γ k e+
δ
e
rk d`
k
R ∞ 0 0 (θI+H )`
k
`δ e
rk d`
,
= 0 0 R ∞k 0 (θI+Hk )`
γ k e+
δ e
rk d`
0 k

where the derivative exists for any θ < −λk . Note that Λ̇k (θ) is strictly increasing
due to the strict convexity of Λk (θ), for any k ∈ p.
Now let us consider the latency probability P(Lp ≥ d) and suppose d is greater
than the expected latency along path p, namely,
X
E(Lk ) − d < 0.
k∈p

Since Λ̇k (0) = E(Lk ) it follows
X

Λ̇k (0) − d < 0,

k∈p
ACM Journal Name, Vol. XX, No. XX, MM 20YY.
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P
which means that theP
derivative of the function k∈p Λk (θ)−θd is negative at θ = 0.
Given the fact that k∈p Λk (θ) − θd approaches infinity as θ → − maxk∈p λk (cf.
Lemma 4.2), the necessary and sufficient condition for θp to be optimal in (3) is
X
Λ̇k (θp ) = d.
(4)
k∈p

Proposition 4.3 (Upper bound) For any path p ∈ P
lim sup
d→∞

1
log P(Lp ≥ d) ≤ max λk .
k∈p
d

Proof. Using (3), for any p ∈ P we obtain
lim sup
d→∞

P

1
1
log P(Lp ≥ d) ≤ lim inf min
Λ
(θ)
−
θd
k∈p k
d→∞ d θ≥0
d


P
∂
min
Λ
(θ)
−
θd
,
= lim inf
k
k∈p
d→∞ ∂d θ≥0

where the
P equality is due to L’Hospital’s rule and the differentiability of the convex
dual of k∈p Λk (θ). Let θp (d) be the optimal solution to the optimization problem
in (3) with latency parameter d, and note that the first order optimality condition
(4) is in effect. Applying the envelope theorem, we can obtain
P

∂
min
Λ
(θ)
−
θd
= − lim sup θp (d).
lim inf
k
k∈p
d→∞ ∂d θ≥0
d→∞
In the following we proceed to show
− lim sup θp (d) = max λk .
d→∞

To see this, suppose τ = argmink∈p (−λk ) and note
P
lim
lim
k∈p Λ̇k (θ) ≥
θ→− maxk∈p λk

(5)

k∈p

θ→− maxk∈p λk

Λ̇τ (θ)

due to Λ̇k (θ) > 0 which follows from Λ̇k (0) ≥ 0 and the fact that the function Λk (θ)
is strictly convex, ∀k ∈ p. Note that e(θ+λτ )` is the Perron-Frobenius (P-F) eigenvalue of matrix e(θI+Hτ )` , and let v > 0 be the left eigenvector of Hτ corresponding
to eigenvalue λτ , namely, the left P-F eigenvector of e(θI+Hτ )` corresponding to the
eigenvalue e(θ+λτ )` . Since δτmax ≥ δτmin > 0 and v max ≥ v min > 0, we have
δ 0τ e(θI+Hτ )` rτ ≤

δτmax 0 (θI+Hτ )`
rτ
v min v e

=

δτmax (θ+λτ )` 0
v rτ ,
v min e

δ 0τ e(θI+Hτ )` rτ ≥

δτmin 0 (θI+Hτ )`
rτ
v max v e

=

δτmin (θ+λτ )` 0
v rτ ,
v max e

and therefore
lim

θ→− maxk∈p λk

P

R ∞ 0 (θI+H )`
τ
`δ e
rτ d`
0R τ
∞ 0 (θI+Hτ )`
k∈p Λ̇k (θ) ≥ lim
θ→−λτ γ 0τ e+
δ
e
rτ d`
0 τ
R ∞ δτmin (θ+λ )` 0
τ
`
e
v rτ d`
0 R v max
≥ lim
∞ δτmax (θ+λτ )` 0
θ→−λτ γ 0 e+
e
v rτ d`
τ
0 v min
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= ∞.

P
Notice
that
k∈p Λ̇k (θ) is strictly increasing due to the strict convexity of
P
Λ
(θ)
in
the
interval [0, −λτ ). Furthermore, for any fixed θ belonging to
k∈p k
P
the interval [0, −λτ ),
k∈p Λ̇k (θ) is finite. Thus, when d → ∞, the only way
P
for the first order optimality condition (4) to hold is to have
k∈p Λ̇k (θp ) →
∞, which by monotonicity is the same as to have θp approaching −λτ , that is,
lim supd→∞ θp (d) = mink∈p (−λk ). Therefore
− lim sup θp (d) = − min(−λk ) = max λk .
k∈p

d→∞

k∈p

We then conclude
P

1
∂
lim sup log P(Lp ≥ d) ≤ lim inf
min
Λ
(θ)
−
θd
k
k∈p
d→∞ ∂d θ≥0
d→∞ d
= − lim sup θp (d) = max λk .
k∈p

d→∞

The next proposition provides an asymptotic lower bound on the delay probability for any path p.
Proposition 4.4 (Lower bound) For any path p ∈ P
lim inf
d→∞

1
log P(Lp ≥ d) ≥ max λk .
k∈p
d

Proof. Let τ = argmaxk∈p λk . Then
lim inf
d→∞

1
1
log P(Lp ≥ d) ≥ lim inf log P(Lτ ≥ d)
d→∞ d
d
1
= lim inf log(δ 0τ eHτ d e).
d→∞ d

Now let v > 0 be the left eigenvector of Hτ corresponding to the eigenvalue λτ ,
namely, the left Perron-Frobenius eigenvector of eHτ d corresponding to the eigenvalue eλτ d . We have
1
1
δτmin 0 Hτ d
lim inf log(δ 0τ eHτ d e) ≥ lim inf log( vmax
ve
e)
d→∞ d
d→∞ d
1
= lim inf log(v0 eHτ d e)
d→∞ d
1
= lim inf log(v0 eλτ d e)
d→∞ d
=λτ = max λk .
k∈p

The following theorem is a direct result of Propositions 4.3 and 4.4.
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Theorem 4.5 For any p ∈ P
1
log P(Lp ≥ d) = max λk .
k∈p
d→∞ d
lim

Remark : Thm. 4.5 establishes that P(Lp ≥ d) decreases exponentially fast as d
grows with dominant exponent equal to maxk∈p λk , namely,
P(Lp ≥ d) ∼ ed(maxk∈p λk )
for large enough d. We refer to a link k ∗ which achieves the maximum above as a
“bottleneck” link as its latency probability dominates the latency probability of the
path. Furthermore, due to its structure, the exponent can be easily computed and
updated in a distributed fashion for a certain path p. For a path with n links its
computation involves O(n) comparisons which can be done in one pass with only
local information exchanges between links. Furthermore, slight modifications of the
path (adding or removing a few links) result into a modest work for updating the
exponent, which can be done in a distributed manner and with small communication
overhead. As we will see, this is important in developing energy efficient routing
algorithms in SNETs.
5.

TRADE-OFF BETWEEN LATENCY PROBABILITY AND EXPECTED ENERGY
CONSUMPTION

In this section we consider the problem of optimizing the route from a node, say
node 1, to the gateway. In doing so we are faced with the trade-off between the
latency probability and the expected energy consumption along the route. The
following is a possible formulation to capture this trade-off:
P
minp∈P
k∈p E(Tk )
(6)
s.t.
P(Lp ≥ d) ≤ .
More specifically, we look for a path which minimizes the expected energy consumption while keeping the latency probability below an appropriately small level.
We refer to the constraint in (6) as a Quality-of-Service (QoS) constraint. Unfortunately, problem (6) is known to be NP-complete as the resource constrained
shortest path problem [Garey and Johnson 1979]. To simplify the problem we can
relax the QoS constraint by using the Chernoff bound obtained in Sec. 4. Namely,
P
minp∈P
k∈p E(Tk )
(7)
s.t.
minθ≥0 (Λp (θ) − θd) ≤ log ,
P
where Λp (θ) = k∈p Λk (θ). Problem (7) is still difficult to solve; one approach
is to apply Lagrangian relaxation and derive a lower bound that can be used in
a branch-and-bound procedure [Bertsekas 1999]. The key step in the Lagrangian
relaxation algorithm is to solve the following problem
min E(Tp ) + βminθ≥0 (Λp (θ) − θd)
s.t. p ∈ P,

(8)

for nonnegative β. Motivated by this reasoning, we will focus on solving problem (8). An alternative way to look at problem (8) is to note that for varying
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Typical shape of the objective function
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Typical shape of f (θ).

β it generates Pareto optimal points for the two-objective optimization problem
with objectives the energy consumption E(Tp ) and the Chernoff upper bound
minθ≥0 (Λp (θ) − θd) on the latency probability.
Let us therefore consider problem (8) and note that it is a nontrivial task to solve
it. To illustrate this, change the order of minimizations in (8) to obtain


min min (E(Tp ) + βΛp (θ)) − θβd .
(9)
θ≥0

p∈P

Let f (θ) = minp∈P (E(Tp ) + βΛp (θ)) − θβd and note that for each network, we
only need to concentrate on the interval θ ∈ [0, − mink∈E λk ) because f (θ) = ∞ for
all θ ≥ − mink∈E λk .
In Fig. 1 we plot the typical shape of f (θ). Since Λp (θ) is convex, f (θ) is the
minimum of a finite number of convex functions, thus, it is a piecewise convex
function in θ. For any fixed θ, f (θ) can be evaluated efficiently (i.e., in polynomial time) by solving a shortest path problem. Whenever θ passes a change point
(marked as stars in the figure), the optimal solution p changes to another path.
Moreover, the first piece of the curve corresponds to the minimal expected energy
path argmaxp∈P E(Tp ). It is evident that problem (9) is a global optimization
problem (piecewise convex minimization), and that the minimal energy path is not
necessarily optimal.
In the remainder of this section we discuss two different algorithms to solve
problem (8). The first one is to use what we call a Semi-Definite programmingbased convex Polynomial Underestimation (SDPU) technique which is essentially a
centralized approach. The other algorithm is based on simulated annealing and can
be implemented in a distributed fashion.1
1 If the expected delay along a path is chosen as the latency QoS metric, problem (6) becomes
a resource constrained shortest path problem with an additive constraint. We can construct an
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Semi-Definite programming-based convex Polynomial Underestimation (SDPU)

Convex underestimation as part of a global optimization algorithm has been studied extensively. More recently, [Paschalidis et al. 2007] introduced a Semi-Definite
programming-based Underestimation (SDU) technique that produces a general
quadratic underestimator of an arbitrary function. SDU was able to handle some
particularly challenging functions appearing in protein docking applications (see
[Paschalidis et al. 2007]). In this subsection, we combine the SDU method with a
higher order polynomial function fitting method from [Magnani et al. 2005]. The
motivation is to generate underestimators that are more flexible than a convex
quadratic function.
SDPU consists of two main tasks: (i) devising an underestimator of f (θ), and (ii)
using the underestimator to guide the search for a global minimum. Towards (i) let
us sample the function f (θ) and obtain a set of M local minima θ1 , . . . , θM of f (θ).
Note that this can be done efficiently by first randomly choosing a starting point
θ̂m , obtaining a path pm which solves the inner optimization problem in (9) with
parameter θ̂m using any deterministic shortest path algorithm (see e.g., [Bertsekas
and Tsitsiklis 1989]), and then applying some standard gradient method to find the
optimal θm which solves the outer optimization problem of (9) for path pm . 2
Given the set of local minima (θ1 , f (θ1 )), . . . , (θM , f (θM )), we construct the polynomial underestimator
u(θ) = h0 + h1 θ + · · · + hL θL ,
with u(θm ) ≤ f (θm ), for any m = 1, . . . , M and the degree L being an even positive
number. Define
PL
q(θ, s) = s2 ∇2 u(θ) = s2 ( `=2 h` `(` − 1)θ `−2 ).
The necessary and sufficient condition for the function u(θ) to be convex is that
q(θ, s) can be expressed as a Sum of Squares (SOS) [Magnani et al. 2005], namely,
there exists a vector y with each component being a monomial in θ and s of degree
less than or equal to L/2, such that
q(θ, s) = y0 Vy
where V is positive semi-definite matrix.
To obtain the tightest such underestimator we solve the following Semi-Definite
Programming (SDP) problem
PM
min
m=1 zm
PL
`
s.t. zm = f (θm ) − `=0 h` θm
, m = 1, . . . , M,
P
L
2
`−2
(10)
s ( `=2 h` `(` − 1)θ ) = y0 Vy,
V  0,
zm ≥ 0, m = 1, . . . , M,
optimization problem very similar to problem (8), and our proposed simulated annealing based
approach can be used to solve that problem with minimal modifications.
2 It is possible that the gradient method converges to a local minimum θ
m whose corresponding
shortest path is different than pm ; then, we reject it and repeat the procedure with a new starting
point θ̂m until we find a local minimum whose corresponding shortest path is the same as the one
obtained at θ̂m .
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with decisions variables z1 , . . . , zM , the elements of V, and h0 , . . . , hL . In particular,
(10) minimizes the L1 norm ||(f (θ1 ), . . . , f (θM )) − (u(θ1 ), . . . , u(θM ))|| and ensures
that u(·) is convex and underestimates f (·) at θ1 , . . . , θM .
Once we obtain the underestimator u, we use it to bias our search for the global
minimum of f (·). In particular, we obtain new samples of local minima such that
areas close to the underestimator’s minimum have higher probability of being sampled while areas far away are removed from the search region. This reflects the
reasoning that the underestimator captures the shape of f (·) in the vicinity of the
global minimum. We form a new underestimator based on the new set of local
minima and so on and so forth. In the interest of space we omit the details as they
closely follow the evolution of the SDU algorithm in [Paschalidis et al. 2007].
One can show that SDPU exhibits a similar behavior with SDU. In particular, it is
not guaranteed to converge to the global minimum of f (θ). However, in [Paschalidis
et al. 2007] we provide probabilistic guarantees for funnel-like functions. These
results apply in the funnel around the global minimum of f (θ). As confirmed with
numerical results later on, SDPU is quite effective for the problem of interest in this
paper. However, we note that this algorithm is essentially a centralized approach
which imposes significant communication overhead in actual implementations. In
the following subsection, we present another algorithm that can be implemented in
a distributed manner.
5.2

A Simulated Annealing Based Approach

We focus on the formulation (8) and propose an algorithm for locally changing path
configurations to obtain the optimal solution. To proceed, we define the function
v(p) = E(Tp ) + βminθ≥0 (Λp (θ) − θd)

(11)

for path p. The algorithm is described in Fig. 2, where with a slight abuse of
notation we denote by Tij the energy consumption for transmitting a packet from
note i to j.
(1) Initialization: path p from node 1 to the gateway with value v(p), (high enough) temperature
η > 0, constant 0 < α < 1, iteration counter m := 0, constant M > 0.
(2) Change the path configuration:
(a) For each link k ∈ p, select it w.p. 1/2 independently of all other links.
(b) For each pair of nodes i and j on path p which are the end points of a chain of selected
links
i.
w.p. 1/2 connect i and j directly;
ii. w.p. 1/2 look for a relay node r (not in p and not selected as a relay node so far)
to connect i and j. r is chosen w.p. proportional to exp(−E(Tir ) − E(Trj )).
(3) Let q the modified path formed from p at Step 2. Accept q w.p. min{1, exp(
q is accepted set p := q, η = αη.
(4) m := m + 1. If m < M goto Step 2; otherwise stop, output p.

Fig. 2.

v(p)−v(q)
)}.
η

If

The simulated annealing-based distributed algorithm.

A few comments on this algorithm are in order. First, for each p, v(p) can be
evaluated efficiently and in a distributed fashion. To that end, note that Λ p (θ) is
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strictly convex in θ, hence, the corresponding optimization problem can be solved
efficiently. Moreover, to calculate v(p) only the nodes in p need to exchange information (for instance, each node can be forwarding the quantities E(Tk ) and Λk (θ)
for its outgoing link to the gateway and the gateway can be iterating over θ using
a gradient method). Second, to change the path configuration, each link in p decides independently if it is chosen according to a simple criterion. Further, all the
information needed to modify a path is local, and the conditions to perform each
operation are relatively straightforward. Third, in Step 3 we decide to accept or
reject the new path q according to the Metropolis criterion (see [Aarts and Korst
1988]). Moreover, as v(p) and v(q) can be obtained in a distributed fashion and
the temperature parameter η can be stored and updated only at the source node,
this operation can also be done without any global information.
As a further remark, note that the 2nd term in the right hand side of (11)
is a surrogate for β log P(Lp ≥ d). When d is large enough we can approximate
log P(Lp ≥ d) using the result of Thm. 4.5. Towards a more accurate approximation
dλp
for smaller values of d we postulate P(L
for some constant ζ
p ≥ d) = ζe
R∞
and λp , max{λk | k ∈ p}. Solving 0 P(Lp ≥ `)d` = E(Lp ) for ζ yields
ζ = −λp E(Lp ). Using this large deviations approximation for log P(Lp ≥ d) we
can define the following alternative to the scoring function in (11):
v(p) = E(Tp ) + β[log(−λp E(Lp )) + dλp ].

(12)

The above is easier to evaluate than (11) as we do not have to solve an optimization
problem for each path p. The algorithm in Fig. 2 can still be applied without any
modification. The large deviations exponent used in (12) provides an asymptotically
tight characterization of the latency probability.
6.

OPTIMIZATION OVER THE DUTY CYCLE

Till now we have focused on the energy consumption for transmitting a data packet
from the source nodes to the gateway. In practice, nodes may wake up and then
sleep repeatedly between packet generation epochs, and nodes also consume energy
when they are ON even if they are not transmitting. In this section we show that
our proposed framework can be extended to accommodate these factors as well.
Suppose the data generation process starts at time zero. 3 Denote by Zm the
(random) time interval between the m − 1st and mth packet generation epochs at
node 1 for m ≥ 1. We make the following assumptions:
(1) Z1 , Z2 , . . . are identical and independently distributed with mean 1/µ, thus,
the process {Z1 , Z2 , . . .} is a renewal process with rate µ.
(2) The power consumption for node i is κi when it is ON and not transmitting
any packets, i = 1, . . . , N .
(3) Let Z be the random variable that has the same distribution as Zm , ∀m, and
consistent with the “few data at a low rate” assumption we made in Sec. 2, we
adopt the assumption that Z ≥ Lp with very high probability, i.e., P(Z ≥ Lp ) ≈ 1.
With these assumptions we can see that for each link k ∈ p the expected energy
3 Note that our result holds regardless of the starting time of the data generation process, and this
assumption is just for our convenience.
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consumption E(T̂k ) during a data generation renewal cycle is given by
(1)

E(T̂k ) = E(Tk ) + E(Z − Lk )ρi κi
(1)

= g̃k +

ρi κ i
µ

(1)

+ (ck − ρi κi )E(Lk ),

where i = s(k), and the total energy consumption on path p is given by E(T̂p ) =
P
k∈p E(T̂k ).
Denoting by T̂p (t) the accumulated energy consumption on path p from time 0
to t, the long term average power consumption αp on path p is given by
T̂ (t)

E(T̂ )

p
αp = limt→∞ pt = E(Z)


P
(1)
(1)
= k∈p µg̃k + ρi κi + µ(ck − ρi κi )E(Lk ) ,

where the second equality holds with probability 1 due to the elementary renewal
reward theorem.
(1)
Suppose we fix b10
for any node i =
i and have control on the duty cycle ρi
1, . . . , N . To balance the energy consumption and the latency probability, we can
jointly optimize routing and tune the duty cycle of each node. To this end, we
propose the following optimization problem
minp∈P αp + β[log(−λp E(Lp )) + dλp ]
(1)
s.t.
0 ≤ ρi ≤ 1 ∀i = 1, . . . , N,

(13)

where the second term in the objective function approximates β log P(Lp ≥ d), and
λp = max{λk | k ∈ p} (see Sec. 5).
Problem (13) is difficult to solve due to two sources of complexity: the first
one is the combinatorial complexity to find the optimal routing; the second is
(1)
the nonconvexity of the objective function with respect to ρi , i = 1, . . . , N , for
any given path p. More precisely, the objective function of problem (13) is a
(1)
continuous, but typically nonconvex and nondifferentiable function of ρ i , i =
1, . . . , N . Nonetheless, the proposed simulated annealing based algorithm described
in Fig. 2 can be extended to solve problem (13). To that end, we can use a new
scoring function set as
v(p) =

min

(1)

αp + β[log(−λp E(Lp )) + dλp ].

{0≤ρi ≤1, ∀i}

However, it is not guaranteed that the algorithm will find the global minimum of
problem (13).
7.

NUMERICAL RESULTS

Next, we provide numerical results to illustrate the performance of our algorithms.
In all the numerical examples we use two-state Gilbert-Elliot model for the channel
condition for all k ∈ E . More specifically, when Xk = 0 the channel is “bad” with
probability 1; when Xk = 1 the channel is “good” with probability 1. We randomly
generate a network of 50 nodes uniformly distributed in the box [0, 100m]×[0, 100m]
except that node 1 is always at (100m, 100m). The gateway is located at (0, 0).
(1)
For each link k ∈ E , we assume that ck is 1 mWatt, and gk is 2 × 10−3 χ2k Joules,
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where χk is the distance between nodes s(k) and d(k). We randomly generate the
transition matrices Ak and Bi for all k ∈ E , i ∈ V , and calculate the stationary
distributions accordingly. We set β = 0.5 and d = 20 seconds in (8). We are
interested in finding a path from node 1 to the gateway that is an optimal solution to
problem (8). We generate 300 instances of the network and use both our centralized
and distributed approach to solve each instance. We compare the results to a
benchmark optimal value fmin of problem (9) (and equivalently, problem (8)) that
is obtained by exhaustive search. All the programs were run on a computer with a
CPU running at 3.06 GHz and 3.6 Gbytes of main memory; background processes
were minimal.
7.1

Semi-Definite programming-based convex Polynomial Underestimation (SDPU)

We use a polynomial underestimator function of degree L = 4, thus, ü(θ) = 2h 2 +
6h3 θ + 12h4 θ2 . We choose the vector of monomials y = (s, θ, θs). Let f ∗ be the
objective value obtained by SDPU. For all the 300 instances, f ∗ is equal to (or
slightly less than, due to discretization) the benchmark value fmin .
7.2

Simulated annealing-based approach

We apply the algorithm in Fig. 2 with the scoring function (11) to solve the same
300 cases as in (1), and obtain the corresponding objective value f ∗ . The mean
∗
min
× 100%) of the distributed algorithm is 2.8%
solution quality (computed as f |f−f
min |
and the standard deviation is 8.8%. Table I provides more detailed statistics,
reporting the percentage of the instances we solved within solution quality levels
of 5%, 10%, 15% and 20%. It is evident that although the centralized approach

Table I.

Quality of the simulated annealing solutions with scoring function (11).
f ∗ −fmin
|fmin |

5%

10%

15%

20%

% of cases

87.0%

88.0%

92.7%

95.0%

has better performance in terms of the solution quality, the performance of the
simulated annealing-based algorithm is also quite satisfactory. In other words, for
a modest performance cost we significantly gain in implementation complexity and
save energy by distributing the calculations and minimizing the communication
overhead.
7.3

Simulated annealing with a large deviations-based scoring function

Next we investigate efficiency gains from using the large deviations-based scoring
function in (12). We maintain the network setup and randomly generate 100 instances. For each instance we run the simulated annealing approach of Fig. 2 with
two different scoring functions: (i) the scoring function (11), and (ii) the large
deviations-based scoring function in (12). Letting p1 , p2 be the optimal paths obtained by the two approaches, respectively, we evaluate the quality of p 1 and p2
by computing w(p1 ) and w(p2 ) where w(p) , E(Tp ) + β log P(Lp ≥ d), and the
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value of P(Lp ≥ d) is obtained by convolution. 4 Moreover, for each instance we
1 )−w(p2 )|
.
calculate ξ = |w(p|w(p
1 )|
For 100 instances we randomly generated, the average running times of the algorithm with scoring functions (11) and (12) are 448.1 seconds and 32.4 seconds,
respectively, and the average value of ξ is 2.7% with standard deviation 3.4%. It
follows that scoring function (12) offers a significant efficiency gain (by a factor of
10), due to minimal communication overhead and a much simplified computation,
without any loss in performance. Thus, for relatively large d (equivalently, small
latency probabilities) it should be the method of choice.
7.4

Optimization over the duty cycles

To investigate the benefit of optimizing the duty cycles, we set κi = 1 mWatt and
b10
i = 1 for i = 1, . . . , 50, use the same network setup and randomly generate 100
instances. For each instance, we first run the simulated annealing algorithm with
(1)
the objective function in (13) with fixed duty cycle ρi = 0.2, ∀i = 1, . . . , 50, and
obtain the optimal path p1 . Next we run the simulated annealing algorithm with
optimization over the duty cycles (for convenience we let every sensor have the
same duty cycle), and obtain a path p2 and a duty cycle ρ.
We evaluate the quality of p1 and p2 , using function w(p) set as in the previous
1 )−w(p2 )
. Our numerical results
example, and calculate the improvement ξ = w(p|w(p
1 )|
show that in 92 out of 100 instances we have w(p2 ) ≤ w(p1 ), and the average value
of ξ is 16.5%, which represents a significant performance gain.
8.

CONCLUSION

We considered routing in SNETs in the presence of varying channel conditions and
non-synchronized non-periodic sleeping schedules of sensor nodes. Under Markovian assumptions, we characterized the expected energy consumption and the latency probability for each path employed in delivering data from the sensors to
the gateway. The latency probability is hard to compute exactly which led us to
develop a large deviations asymptotic. Specifically, we derived an upper bound and
a matching lower bound on the latency probability that are asymptotically tight as
the delay parameter d grows large. The result also identifies a “bottleneck” link.
To investigate the trade-off between energy and latency, we focused on solving
the problem of minimizing a weighted sum of the expected energy consumption
and the exponent of the latency probability (or its approximation). The problem is
non-convex, thus, challenging. We proposed two classes of algorithms: a centralized
algorithm based on convex polynomial underestimators, and a simulated annealing
technique that can be implemented in a distributed fashion. We also illustrated
how our framework can be extended for joint routing and duty cycle optimization
to achieve better performance.
In our numerical experiments the centralized approach was able to always find
the global minimum. The performance of the distributed approach is also quite
satisfactory and requires much less communication overhead, which is an attractive
4 Note that it is not practical to apply the simulated annealing-based algorithm to scoring function
w(p), because evaluating P(Lp ≥ d) is computationally expensive when path p is long.
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feature in actual SNET implementations.
APPENDIX
A.

PROOF OF LEMMA 3.4

Proof. We will first give the proof for k 6= σ. Let D = diag(δ k ) be the matrix
with the diagonal elements being the stationary probabilities of (Xk , Yj , Ok ) at
states in S˜k . Since (Xkt , Yjt , Okt ) is time reversible (cf. Lemma 3.2), DHk is a
symmetric matrix. Therefore
DHk = (DHk )0 = H0k D0 = H0k D.
Define D1/2 as the matrix with the diagonal elements being the square roots of the
corresponding elements of D, and D−1/2 = (D1/2 )−1 . Note that D1/2 D1/2 = D,
and that D, D1/2 and D−1/2 are all invertible and diagonal matrices. We have
DHk D−1/2 = H0k DD−1/2 = H0k D1/2
⇒D−1/2 DHk D−1/2 = D−1/2 H0k D1/2
⇒D1/2 Hk D−1/2 = D−1/2 H0k D1/2
⇒D1/2 Hk D−1/2 = (D1/2 Hk D−1/2 )0
which implies that D1/2 Hk D−1/2 is also a symmetric matrix and all its eigenvalues
should be real. Since D1/2 Hk D−1/2 and Hk are similar and have the same set of
eigenvalues, all the eigenvalues of Hk are also real. 5
Next we show that the eigenvalues of Hk are negative. Since Ak is irreducible and
10
b01
j , bj > 0, it can be seen that Hk is an irreducible matrix due to Assumption A(i).
Note that Hk is also diagonally dominant. To this end [Horn and Johnson 1990,
Theorem 6.2.27] guarantees the negativity of the eigenvalues of Hk .
In the case of k = σ, note that we assume |S˜k | > 0 and thus Hσ is always well
defined. The rest of the proof is identical to the case of k 6= σ.
B.

PROOF OF LEMMA 3.5

Proof. Let the matrix f̃k (t) be defined such that the (φ0 , φ1 ) element is given
by f˜φ0 φ1 (t) = P(Φtk = φ1 | Φ0k = φ0 ), ∀φ0 , φ1 ∈ S˜k . Thus,
f (t) = e − f̃k (t)e = e − eHk t e = (I − eHk t )e,
where the second equality is due to the transient analysis of Markov processes with
absorbing states [Bhattacharya and Waymire 1990].
C.

PROOF OF LEMMA 4.1

Proof. We will give the proof for the matrix e(θI+Hk )` , since eHk ` is just the
special case of e(θI+Hk )` with θ = 0.
Note that all the off diagonal elements of (θI+Hk )` are nonnegative, and that Hk
is an irreducible matrix (cf. Appendix A). Therefore there exist some nonnegative
5 Recall

the assumption in Sec. 2 that {Xkt } is time reversible for any k ∈ E . This assumption
guarantees that all the eigenvalues of Hk are real for any k, but is not a necessary condition.
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and irreducible matrix Q and a scalar ν such that (θI + Hk )` = νI + Q. Since Q is
irreducible, for any φ0 and φ1 , there exists some finite n such that (Qn )φ0 φ1 > 0.
P∞
n
Thus eQ = n=0 Qn! > 0. As a result
e(θI+Hk )` = eνI eQ = eν eQ > 0.

D.

PROOF OF LEMMA 4.2

Proof. Note that (θ + λk )` is the maximum eigenvalue of (θI + Hk )`, and that
e(θ+λk )` is the Perron-Frobenius (P-F) eigenvalue of the positive matrix e(θI+Hk )`
(cf. Lemma 4.1). Let v > 0 be the left eigenvector of Hk corresponding to the
eigenvalue λk , and we can see that v is also the left P-F eigenvector of e(θI+Hk )`
corresponding to eigenvalue e(θ+λk )` , and v max ≥ v min > 0 by the Perron-Frobenius
theorem. Note that δkmax ≥ δkmin > 0 due to the fact δ k > 0, thus when θ < −λk
we have
R∞
Λk (θ) = log(γ 0k e + 0 δ 0k e(θI+Hk )` rk d`)
R ∞ δmax
≤ log(γ 0k e + 0 vkmin v0 e(θI+Hk )` rk d`)
δ max R ∞
= log(γ 0k e + vkmin 0 v0 e(θ+λk )` rk d`)
= log(γ 0k e −

max 0
δk
v rk
v min (θ+λk ) )

< ∞.

On the other hand, when θ ≥ −λk , we can see that
R ∞ δkmin 0 (θI+H )`
k
Λk (θ) ≥ log(γ 0k e + 0 vmax
ve
rk d`)
min R
∞
δk
= log(γ 0k e + vmax
v0 e(θ+λk )` rk d`) = ∞
0
R∞
since 0 e(θ+λk )` d` is unbounded, and v0 rk > 0.
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