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APPENDIX |
PROOF OF LEMMA 11.1

(i) Consider the following set

P ={p | pijr € {0,piu},p € 2}

and note that every feasible p € 42 can be expressed as
a convex combination of the points in 2. Thus Conv(Z)
is finitely generated by the points in &2 and is therefore a
polyhedron. Clearly, it is also bounded, hence a polytope (i.e.,
a bounded polyhedron). Since # is a linear mapping of &2,
the same argument establishes that Conv(%) is a polytope.
(i) Next, let r € Conv(Z) and suppose that the extreme
points of Conv(%) are r!,... rl. These extreme points are
also elements of #, so they can be written as r* = Hp" for
some p” € Zand n=1,..., L. Thus, for a,, > 0 satisfying

25:1 an =1,

r= E a,r’t =
n

where p = ) «a,p™ € Conv(Z). Now, let p € Conv(Z)
and let p',...,p’ be the extreme points of Conv(Z?). For
Bi > 0 satisfying >, 8, =1, p = >, ﬁzp These extreme
points are also elements of &2. Setr’ = Hp’; we have r’ € Z.
It follows

Hp = Zﬁini = Zﬁiri € Conv(Z%).

Z aann = Hp7
n

(iii) Let r be an extreme point of Conv(Z). Then there
exists a cost vector ¢ € RVTM)’K sych that r is the unique
minimizer of ¢’x over x € Conv(Z). Using part (ii), this latter
problem is

min c¢'x
st. x=Hp, p € Conv(Z). (28)
Let (r,p*) be an optimal solution. Then p* is an optimal
solution to
H /
min c¢’'Hp 29)

st.  p e Conv(2).

(If not, there exists an optimal solution p of (29) and Hp # r
is optimal for (28), which contradicts the fact that r uniquely
solves (28).) Now, there also exists some extreme point p’ of
Conv(Z) which is optimal for (29). In particular, c'Hp® =
c¢'Hp* = ¢/r and Hp? also solves (28). Since r is a unique
solution of (28) we have r = Hp®.

APPENDIX Il
THE DECOMPOSITION ALGORITHM FOR UTILITY
MAXIMIZATION SUBJECT TO A LIFETIME CONSTRAINT

Suppose we have an extreme point p* of Conv(£?), which
belongs to {p | Hp € /,Cp < x/T} and let m €
{1,...,J}, then the restricted master problem at the mth

iteration is
min —F(Hp)
st. p— Z _,app" =0,
Yoo =1,
N+M Ce G
> PSR =0, Vi s(k), d(k), VE,
j=1
AHp < b,
Cp < x/T,
a, >0, n=1,...,m,
(30)
and the corresponding subproblem is
max A'p
st. pe &, (31)
with cost vector A = A, where as before we have

(p(™), a(m); Xy (m) p(m) g(m) ¢(m)y " a5 the optimal
primal-dual pair for the restrlcted master problem (30) with
5(7") being the optimal dual variable corresponding to the
lifetime constraint.

Following the same recipe as described in Fig. 1, we
can obtain an optimal solution to problem (24) in a finite
number of iterations. The argument is almost identical and
is therefore omitted for brevity. Furthermore, problem (31) is
still equivalent to the maximum weighted matching problem
constructed in a similar way as in Section V, and is solvable
in polynomial time. In particular, to solve problem (31), we
construct the same undirected graph 4 = (¥, &). Let 4,5, =
XijeDije V1,7, k, and the weight for each edge (¢,j) € & is
given by

ax max{0jk, 0jik, 0}, Vi,j € o,
max max{ét N+1, k,O} Vi € JZf,j S @l,
wij = { k=LK
k:—HllaXK max{5j7N+l’k7 0}7 Vi € %l,j € ﬂ,
0 otherwise.

Furthermore, we construct the set .# as follows. For each
1<i<N,1<j5< N+ M, we select only one, if any, &k
satisfying the conditions

. argmaxt:L_m’K max{éijt, 6jit7 0}, Ifj < N,
| argmax,_; . x max{6;, 0}, otherwise,
and
6ijk = maX{(sijk)ajika O} > 07 If.] < Na
O35k > 0, otherwise,

and let (i,j,k) be an element of J#". Given the graph ¢
constructed above, we can obtain the optimal solution of (31)
in the same way as in Section V.



