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Lecture 14 - Outline

1. Random Vectors
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Random Vectors

* Generalize concepts from 2 random variables on
the same probability space (Chapter 4, “Pairs of
Random Variables”)

to

* N random variables on the same probability
space (Chapter 5, “Random Vectors”)
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Experiment

Random Variables
X4, X, ...

Sxy%, .. € R

(X1 Xp, ) € B

P(Event) P(B)

EC381/MN308 - 200772008

Probability Models for N RVs

* Let Xy, Xy, ..., X,, be 7random variables defined on a
sample space

e Let X = (X4, Xy, ..., X,) be a random vector (All vectors
are assumed to be column vectors unless stated

otherwise)

e Letu=(uy, t, ..., u,) be areal vector

« Notation: {X < u} denotes
{Xi=uy, X, 1, ..., X, < u,}, where, as before, the
commas denote intersections,
{(Xsu}=X<suyn{X=w}in.. N{X,<u}
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Multivariate Joint CDF

The joint CDF of X4, X,, ..., X,, or the CDF of the random
vector X is defined as

Fy(x) = P{X<x}

=P{X; S x0, X5 x5, ..., X, S x,}

Fy(x) is a real-valued function of n real variables (or of
the n-vector x)

Fy(x) always has value between 0 and 1

Fy(x) is @ non-decreasing, right-continuous function of
each argument Xx;
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Joint CDF Properties

e lim, , _ Fy(x)=0

* If some of the x; — +ox, the corresponding random
variables X;disappear and we get the joint CDF of the
remaining variables

« Example: If FXYYYZ(X,}’,Z) is the joint CDF of X, Y, Z, then
Fx v, z(x,%,2) = Fy 7(x,2) is the joint CDF of X and Z

« Even though this is still a joint CDF, it is nevertheless
also a marginal CDF, since it describes a subset of the
variables.
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Discrete Random Variables: Joint PMF

* The joint PMF of X4, X, ..., X, (the PMF of the random
vector X) is defined as

px(x) =P{X=x} (column vector x is sample value
of X)

=P =, X = 2, X = )
© px(x)20

DD I I

Xq X2 Xp
Continuous Random Variables: Joint PDF

» The marginal PDF of any subset of
{X4, X5, ..., X} is obtained by summing over the
unwanted variables
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Example

* Quiz 5.2

— Discrete random vectors X, Y (each with 3 components)
* Related by Y = AX

« Find joint PMF of Y, i.e., Py(y), if:

1 0 O
A=|[-11 0
0o 1 -1

(@) = {(1*P)P”'3 zp <zp <z3z; € {1,2,...}

- 0 otherwise

=YL =T1Y2 = T2 —T1,Y3 = T3 T2
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Example (continued)
* Rangeof Y:{1,2,...}3

Y1 =21,Y2 =22 — 1,y3 =23 — 22
=z =y, 22=y2+ty1,23=y1+y2+y3
= one —to — one map!
PY1,Yo,v3 (Y1, 42, ¥3) = DX X0, X531, Y2 + 1,91 + y2 + y3)
_ JQ —ppirtretis oy g ys€{1,2,..}
- {O otherwise
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Jointly Continuous Random Vectors

* X4, Xy, ..., X, are called jointly continuous
random variables if
- X = (X4, Xy, ..., X)) takes on all possible values in a
region of nonzero volume in n-dimensional space,
and

— The probabilistic behavior is described by the -
variate joint PDF

() = Fiy g, (X0 2 0 X0)
O"Fx, .. x, (%1, .., Tn)
1yeensXny ’ ’
Ixp X (@150 2n) dz1...0zy
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More properties

» Xjointly continuous
— Let A be an event expressed in terms of the random
vector X

P[A] :/»--/Afl(xl,“.,xn)d:cl...dxn

» Example: Quiz 5.1: Yy, ..., Y, distributed as

4 0<y1<y2<1,0<y3<ya<1
0 otherwise

fx(y1-~-vy4)={

Let C be event that {max, Y; <1/2}. Find P[C]?
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Example (Solution)

* Note that C implies
Y, <12 forall /

0.5 Y2 0.5 Ya
PIC = [ dyz [Zdyy [ dya [ 4dys

4 O.Sd y2d O.Sd y4d
—1(/0 y2/0 yl)(/o y4/o y3)

16
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Y2 : Ya :
Rl V3

Marginal Probabilities: Continuous
Random Vectors

» Given any continuous random vector X with PDF

function fy(x), get marginal PDFs for any subset
of RVsin X by:

— Integrating over all RVs not in subset
—e.g.given Xy, ..., X,

f_s('(:ci):/ / / fx (1, an)dey .. dei_ydziqy ... dzy
21 21w n

Ixx; (@i z5) :/ / / / / /
1 Ti-1JTi41 Tj-1JTj41 Tn

fx(zy,..., ap)dzy ... dzi1dzipy .. dej_1drjyy...de,
Independence
» Random variables X, ..., X, are independent if
and only if .
— Discrete:  Px(z) = P, (z;)
i=1
— Continuous:

i

Ix(@) =[] fx;(z)
=1

EC381/MN308 — 2007/2008

Marginal Probabilities

» Given any discrete random vector X with PMF

function Py(x), get marginals for any subset
of RVs in X by:

— Summing over all RVs not in subset
- e.g.given Xy, ..., X,

Px(z) =3 ... > > --.> Px(z1,...,2zn)
&ry &Ti—1 .'L'1+1 In
R¥i44¥](zie1j) =Z Z Z Z Z ..4ZP1(11,.4.,zn)
TI T-1Tip1  T-1Tjy1 In
Example
* Quiz 5.3: three-component X with PDF  x,
_J6 0<z <zx<z3<1
fx@ = {0 otherwise X
00 X3
Fxyx, (21, 22) =fol(z1v12~r3)dr3
:6/111:3:6(17@), 0<a;<zp<1
m
Ixyx5(21,23) = 6/1_1 doy =6(23—x1), 0<2y1 <3< 1
Fxoxs(x1,23) = 6/;2 dr) = 6xp, 0 <ap<23<1
Fxi(@1) = /J: 6(1 —zp)dzp =3(1—21)?, 0<21 <1
Ixs(z3) = /:3 6apdey =323, 0<a3<1
Example
« Ex.5.7,Q.54
_ 1 o<wi<t
-w= (W“ Wa, W3, Wy) - Jw(w) = {O otherwise
— Clearly independent!

— Y defined as y; = wy, yp = wy + Wy,

V3= Wy Yy = Wyt Wy
— Not independent individually, but may have good

properties
+ Clearly, the part of the experiment that generates y;, v, is
independent of the part that generates y3, ¥,
Fy,v,(y2,v4) = P(Y2 < y2,Y4 < ya)
= P(w1 + w2 < y2, w3 +wa < ya)

= P(w1 + wp < y2)P(w3 + wa < ya) independence of w;
= Fy,(y2) Fy,(ya)
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Covariance and Cross-Correlation

« Definition: Covariance of two RVs, X and Y, is
Cov[X,Y] = E[XY] — E[X]E[Y] = E[(X — E[X])(Y — E[Y])]
+ Definition: Correlation of X and Y is ry y = E[XY]
* |ldentities
Var[X + Y] = Var[X] + Var[Y] + 2Cov[X, Y]

Cov[X,Y] =rxy — E[X]E[Y]
X =Y = Cov[X,Y] = Var[X],ryy = E[X?]
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Key Statistics

« Expected Value

(Xl) (E(Xl))
EX)=E| : | = ;
Xn E(Xn)

» Covariance Matrix for arbitrary vectors:

Il

HX

Yo = B[(X — px)(X — px)7]

(Xl - Bx,
=E[ H

Xn — KX,

) (%1 X))
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Covariance Matrix
Expressed entirely in terms of pairs of components of X

Ty = Bl(X - px)(X - px)"]
(X1 —nx,)? (X1 — ;) (X2 —pxy) -+ (X1 = px))(Xn — pix,)
— (X1 — px,) (X2 — px,) (X2 - px,)? s (X = px,) (X2 — px,) ]

(X1 = px)(Xn = px,) (Xn —px,) (X2 —px,) -+

E(X1 - px,)? Bl(X1 = px ) (X2 —px,)] -
_ | Bl(X1 = px ) (X2 = pxy)] E[(X2 — ux,)?]

U1 — 1xy) (X — )] BICY — ) (X2 — )]

(Xn *.M_\',,)z

Bl(X1 = px; ) (Xn = px,)]
s El(Xn = px,) (X2 = 1x,)]

B(Xa - px,)?]

a%-l Cov(X1,X) - Cov(X1,Xn)
_ | Cov(xX2,x1) 02;.2 oo Cov(X2, Xn)
Cov(Xn, X1) Cov(Xn,X2) --- %,
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Covariance Matrix (2-Vectors)

X
Form vector X = (Y)

+ Expected value FE[X] = (ggﬁ}) — (Z;()

» Covariance matrix

>y = E[(X - E[X])(X - E[X])T]

_ ag( Cov[X,Y]
Cov[X,Y] (7)2,
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More Statistics

» Correlation matrix for arbitrary random vectors:

Ry = E[(X)(X)T]

G ICS)

E(X1)?

E[XIXQ] E[X1Xn]
E[(X2X1]  E[X3] - E[X>Xn]
BlXnX)] ElXaXp] - E[X2]
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Properties of Covariance Matrix

» Covariance matrix Xy:
— Symmetric matrix

— Positive semi-definite: For any nonzero vector a,
a’'s xa >0

— Has all eigenvalues real-valued, non-negative
— Has a complete set of distinct eigenvectors (72 of them)
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Example
* Quiz 5.6: X with PDF %

6 0<z;<zpx<z3<1
0 otherwise

Ifx(@) = {

1 (s oo
E[X1] :/0 /0 /0 611 dxydzpdrs = 0.25
o Jo
E[X,] = /0 /0'3 /0'2ez2d11dx2dx3 =05
1 s (oo
12[)(3]_/0/0 /0 6x3dz1dzodes = 0.75
1 ra 2
E[X1Xo] =/0 /03/0261112dzlda:2d13=0.15
1 jz T
E[X1X3) =/0 /0'3/0'261-1131173141211733 =020

1 ra: T
E[X?] :/0 /03/0261%dxldzzd23:o.1o
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Example 2
» Correlation and Covariance
E[X2]—/1 /“;3/"”26 2dz1dzodrs = 0.3
2—0.0 o Toaxr1axr20x3 = U.
1 a3 pap
E[X2X3] = /O /O /0 6xoxadeydrades = 0.40

1 ra T
E[X3] :/0 /03/0 % 602dz1deodes = 0.6
1 .15

1 .15 .2
Ry=[.15 .3 .4
o 2 4 6
2

4

6

1 .15 . 0.25
Tx=|15 3 4|-|05| (025 05 0.75)

2 4 0.75
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EC381/MN308 — 2007/2008

Linear Transformations
* Y = AX + b, for known m-by-n matrix A, m-vector b

* E[Y]=E[AX+Db]=AE[X]+Db
— Expectations are linear operations!

+ Covariance of Y: Z,=AZAT

Yy = B[(Y - EY])(¥. - E[Y])T]
= E[(AX +b— AE[X] - ))(AX + b — AE[X] — b)7]
= E[A(X - EIX])(AX - E[X])T]
= B[A(X - E[X])(X - E[X])TAT]
= AE[(X - BEIX])(X - B[X])T]AT = Az y AT
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Functions of Random Vectors

» Given X, can define a derived random variable
W = g(X) or a random vector Y = g(X)

— Dimension of Y can be smaller or greater than
dimension of X
— Implicit distribution on Y defined by map g()

» Can take expectations

E[W] :/g(i)fx(z)dz (continuous)

=3 g(z)Px(z) (discrete)

Special Case (Theorem 5.11)

* If A'is an invertible matrix = 1-1 correspondence
between X, Y so that Y = AX + b can be written
X =AY -b)
« Change of variable formula yields PDF and CDF:

p— 1 -1 _
Y () = e X (AT (0 - 0)

<

=Py <y= Ix(@)da

z:Az+b<y

1 -1,/ !
= ——fx(A —b))d
/y_/gg\det ”fx( (¥ —b)dy
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Special Classes of Functions

» Special case: X is a random vector of ni.i.d.
random variables Xy, ..., X,
— CDF of X;is Fy(x)

» Define Z = max;{X, ..., X,}. Find F,(2)

Hint: P(Z<2)=P(X1<2,...,Xn < 2)

Fy(2) =P(Z<z)=P(X1<2z,...,Xn<2)
= P(X1 <2)---P(Xp < z) independence
= Fx(2)--- Fz(2) identically distributed
= Fx(2)"
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Another Special Case
» Define Z =min,; {X;, ..., X,}. Find F,(2)

Hintt P(Z>2)=P(X1>2...,Xn > 2)

Fp(2)=1-P(Z>2)=1-P(X1>2,...,Xpn>2)
=1-P(Xy>2z)---P(Xp > 2) independence
=1-(1-Fx(2))- - (1 — Fz(2)) identically distributed
=1-(1-Fx()"
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Example

* Quiz 5.5
— Testing light bulbs yields 3 outcomes: G(ood), A(verage), B(ad)
— Each light bulb has P[G] = 0.3, P[A] = 0.5, P[B] = 0.2,
independently
— Experiment: test 4 light bulbs.
RV X, =#0fG, X, =#0f A, X;=#0f B
— Find PMF of X, marginal PMFs of X, and PMF of W = max(X)

Observe: X1+ X+ X3=4,X;€{0,..., 4}

P(Xy = j,Xp = k) = (2) (4 B ’“) 0.3/0.5k0.24 ki

EC381/MN308 - 2007/2008 2

Notation

« Can work with pairs of random vectors X, Y
— Extend notation for pairs of random variables

= Joint PMF for pairs of discrete random vectors
Pxy(z,y) =P(X=2Y =y)

» Joint PDF for pairs of jointly continuous random
vectors

fxy@,phaAy=PlX € (z,z2+ Aa), Y € (y,y + AY)D)
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Statistics for Pairs of Random
Vectors
* X, Y random vectors
 Vector Cross-Correlation
Ryy = EIX - Y'] =R}y
» Vector Cross-Covariance
Txy = Bl(X - px)(¥ - uy) 1 =Efx

* |dentity

~~

>xy =Rxy —px-p

EC381/MN308 - 2007/2008 34

Independence of Random Vectors

* Two random vectors X, Y are said to be
independent if

Px y(z,y) = Px(z)Py(y) (discrete)
fxy(,y) = fx(@) fy(y) (continuous)

= Any component of X is independent of any
component of Y
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Sums of independent random
variables

* Recall X, Y joint dependent RVs,and Z=X+Y =
Py(2) = >
2€Sy,2—xESy

&=

JTESz 2~

Pxy(z,z —z) (discrete)

fx.y(z,z — x)dz (continuous)
€Sy

« If X, Y independent =
P = Y
2ESx,z—2ESy

12(2) :/  Fx(@)fy(z - ©)de (continuous)

2€S;,2~x€Sy

Px(z)Py(z — z) (discrete)

« Convolution! PMF and PDF of sum of 2 independent
RVs is convolution of their individual PMFs or PDFs
— Generalizes to n independent RVs by induction

EC381/MN308 -~ 200712008 3
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Conditional Probability for Random
Vectors
» Discrete Random Vectors: PMF of X given Y =y
Pxy(zly) = Pﬁii’)g)
» Total Probability Theorem:
Px(z) = ;P&L(z\g)Pg(g)

_ _ Py y(z,y)
Y PL(Q)

=> Pxy(z,y)
v

Py (y)
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Conditional Probability - 3

» Continuous Random Vectors: PDF of X given

Y=y
fxy(zly) = f&fﬁ;gy%)y)

 Total Probability Theorem:
fx@ = [ fxy(aly fy @iy
Y

_ 7fx.x(z.,g)

= /fi.x(z,g)dg
Ty
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Conditional Probability - 2

» Bayes’ Rule: Discrete Random Vectors

P 2]
Pxy(zly) = %
_ Pyx(ln)Px(@)
)
_ Pyix(l2) Px(2)
S Pxy @, y)
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Gaussian Random Vectors

+ nrandom variables X = [X;, ..., X,]T are jointly
continuous Gaussian if their joint PDF is

fi@) — Ce*Q(&*/L\X)

1
- - C=—" -
Constant: (2m)"2 det(zx)1/2

— Quadratic exponent: Q(z) = %QTZT(]'@
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Conditional Probability - 4

» Bayes’ Rule: Continuous Random Vectors

_ Ixy(zy)
fg\g(ﬂﬂ) = 7f2(£)

fy ()
fyixlz) fx (@)

Properties of Gaussian Random
Vectors

 If X is a Gaussian random vector, and A is a
known m-by-n matrix, and b is a known m-vector,

=Y = AX + b is a Gaussian random vector
- New mean: [y = A/,L\X +0b

— New Covariance: >~y = AZXAT

* Notation: ¥ ~ N(uy,Xy)
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Pairs of Gaussian Random Vectors

* X, Y jointly Gaussian random vectors

* Y Notation: Cross-Covariance Matrix Zy

Tyy = El(X - px)(¥ — puy)T]
=TV x

» Joint Covariance
— Joint Covariance X, = ( *x ZXY)
Z X ZX

= <

— Joint Vector Z = (
Ty "y
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Conditional Probability: Gaussians

EIX|Y] = px + Zxy Tyt (y - py)

— Scalar case:  E[X|Y] = puy + P2 X (y - py)
oy

Cov[X,Y]
——(y—ny)
v

=px+
» Covariance of X given Y =y:
Xy =Ex - ExyTy Tyx
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Example - 2

» Compute cross-covariance between Z and X;:

Sx, = EIZ(X - 2)] = (‘3@2((22221112;2)]]>

= G) {independence, standard normal}

» Compute E[Z|X=x1]

BlZ|X1 = 21] = pz + Tzx, Ty (21 - 2)

_ (%(361 - 2))
g(ibl -2)
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Conditional Probability for
Gaussian Random Vectors

PDF of X given Y =y is also Gaussian!

— Numerator is exponent of negative quadratic in x,

=> Ratio is exponent of negative quadratic in x !!
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— Denominator is exponent of negative quadratic in 'y

y

Example - 1

Quiz 5.7 Zis 2-D standard Normal (pair of
independent, 0-mean, 1 variance RVs)

— X =2Z,+Z,+2; X,=Z4-12,

— Calculate mean and variance:

=y =)
EIX] = AB[Z] + (5) = (3)
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Example — 3

» Compute covariance of estimation error: Covariance of Z given X,

x, =z -T2 E Xz

=(69)-()sCy

< Eigenvalues 0, 1 (nonnegative: it is a covariance)

— Not invertible = conditional density of Z given X, is not jointly
continuous

— Zhas 2 degrees of freedom in uncertainty. Observing 1 of them
reduces it to 1 degree of freedom... Hence, one zero eigenvalue
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