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Lecture 5: Outline

1 Moving from BFS to BFS.

2 Bookkeeping: The Simplex Tableau.
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Moving from BFS to BFS

Consider a standard form polyhedron P = {x | Ax = b, x ≥ 0} (A
has linearly independent rows).

1 Find a bfs x. Let the basis matrix

B =





| |
AB(1) . . . AB(m)

| |



 and xB =







xB(1)
...

xB(m)






= B−1b

2 Let j 6∈ {B(1), . . . ,B(m)}. Bring xj into the basis: x + θd

(dj = 1, dk = 0, k 6= B(1), . . . ,B(m), j) while retaining
feasibility

Aj =
m

∑

i=1

xijAB(i) = B







x1j
...

xmj






⇒







x1j
...

xmj






= B−1Aj
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Moving from BFS to BFS (cont.)

How are basic variables affected ?

b =
m

∑

i=1

xB(i)AB(i)

=θAj +
m

∑

i=1

xB(i)AB(i) − θ

m
∑

i=1

xijAB(i)

How do we move ? As θ ր

j xj = 0 → xj = θ

basic xB =









...
xB(i)

...









→ xB − θB−1Aj =









...
xB(i) − θxij

...









nonbasic xk = 0 → xk = 0 k 6∈ {B(1), . . . ,B(m), j}
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Moving from BFS to BFS (cont.)

How far can we move ? As long as x ≥ 0 holds, i.e.,

θ∗ = min
{i |xij>0}

xB(i)

xij

△
=

xB(l)

xlj

Let l the minimizer, then lth basic variable exits the basis.

Old basis: AB(1), . . . ,AB(l), . . . ,AB(m)

New basis: AB(1), . . . ,AB(l−1),Aj ,AB(l+1), . . . ,AB(m)

Remarks

1 xij ≤ 0, ∀i . Move along a half-line.

2 ∃ i s.t. xB(i) = 0, xij > 0. Then x is degenerate, new bfs the
same, have only changed basis.

3 Tie in definition of θ∗. Have moved to a degenerate bfs.
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Algorithm: Moving from bfs to bfs

1 Start with basic columns AB(1), . . . ,AB(m) and associated bfs
x.

2 Bring xj into basis:
Compute u = (x1j , . . . , xmj)

′ = B−1Aj . If no component
positive, then θ∗ = ∞ and cost = ±∞.

3 If some component positive, let

θ∗ = min
{i |xij>0}

xB(i)

xij

4 Let l the minimizer. Form a new basis by replacing AB(l) with
Aj . If y the new bfs, then basic variables have values:

yj = θ∗

yB(i) = xB(i) − θ∗xij , i 6= l
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Simplex tableau

[B−1b | B−1A1 . . .B−1An] =







xB(1)
...

xB(m)

∣

∣

∣

∣

∣

∣

∣

x11 . . . x1n
...

...
xm1 . . . xmn






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